
Quantum Geometry

1. What

2. When

3. Where



The topological perspective of EPC put forward by the authors 
does not lead to any new verifiable predictions and it remains 
a mathematical exercise of rewriting existing equations…. 
Therefore the manuscript should not be published in any form.

Note also that the geometric part …. cannot be observed 
experimentally, and thus predictions of this quantity are 
irrelevant.

Quantum Geometry and the Opinion of Referee A



Non-Interacting Electrons In Periodic 
Structures Form Bands And ”Disperse”: 

Concept of Bloch State
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Adding interactions becomes exponetially hard (without a “smart/lucky/good” basis chance - quasiparticles)



Band Dispersions Depend on the Underlying 
Lattice and Orbitals 7

Figure 2. Crystal and band structures of the representative flat-band materials. (a) The crystal structure of KAg[CN]2 which
hosts an approximate Kagome sublattice formed by the Ag atoms (in red color) at the Wycko↵ position 6h of SG 163 (P 3̄1c).
Its orbital-projected band structure in (f) shows that the hybridized s and dz2 orbitals on the Ag atoms contribute the flat
bands close to the Fermi level. As detailed in Appendix F 6, the flat bands can be explained by the simple s-orbital Kagome
model. (b) The crystal structure of Pb2Sb2O7 where only the Pb atoms at Wycko↵ position 16d and the O atoms at 8b of
SG 227 (Fd3̄m) are plotted. In the 3D crystal lattice, Pb atoms form a rigorous pyrochlore sublattice and they also form a
bipartite sublattice in collaboration with the O atoms at 8b. Its orbital-projected band structure is plotted in (g), where the
flat bands on the Fermi level are contributed by the p orbitals on O atoms and the s orbitals on Pb atoms. In Appendix F 2,
the flat bands close to the Fermi level can be explained by the S-matrix of this bipartite sublattice. (c) The crystal structure
of Rb2CaH4 with SG 139 (I4/mmm), where H atoms occupy the Wycko↵ positions 4c (i.e., the H1 atoms in yellow color) and
4e (i.e., the H2 atoms in gray color) and Ca atoms occupy the 2a position. On the (001) plane, the Ca and H1 atoms form
two layers of Lieb sublattice. H2 atoms are out of the Lieb plane and on the same plane with Rb atoms. The orbital-projected
structure in (h) shows that the four s bands of H2 highlighted in green are flat in the whole BZ and the flatness can be explained
by the weak kinetic hopping and hence they are flat atomic bands. However, for the s bands of H2 atoms highlighted in blue,
only two of them are flat and the other two bands are dispersive. Since the s orbitals of H1 are hybridized with the A1g

orbital consisting of the s and dz2 orbitals on Ca, the flat bands contributed by H1 can be explained using the S-matrix of
Lieb sublattice. (d) The crystal structure of Ca2NCl is stacked by alternating the Ca2N and Cl layers, where the Ca2N layer is
identified as a bipartite sublattice in our algorithm. Its band structure in (i) shows that the p bands of N atoms are flat close
to the Fermi level and hybridize with the s and dz2 bands of Ca. The flat bands close to the Fermi level are explained using
the S-matrix of the bipartite sublattice. (e) The crystal structure of WO3 in SG 221 (Pm3̄m) is identified as a split lattice
with the O atoms at the middle of two nearest neighboring W atoms. Its band structure in (j) has several flat-band segments
along the high-symmetry k-paths close to the Fermi level, which are contributed by the T2g (i.e., dxy, dyz, dzx) orbitals on W
and the p orbitals on O. Although the d bands of W and the p bands of O are separated with a small energy gap, they are
hybridized with each other. In Appendix F 1, the flat-band segments close to the Fermi level are explained using the S-matrix
of the split lattice. In the crystal structure plots, SG, chemical formula and the type of sublattice host in the material are
provided on the top of each panel. In the band structure plots, the flat-band segments close to the Fermi level are indicated
by the dashed green lines. Orbital characters of the colored bands are provided on the top of each panel.
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How Topology Meets Materials Classifies 
Maps Into Integer Classes

Integers cannot change adiabatically
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and in the flat band limit, "k = "0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ⌫ = v

2
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†
k@kiŨk
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Ũ

†
k@kiŨkŨ
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.

IV. QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS

Fubini-Study metric mentioned in last section is closely related with Berry curvature through the “quantum geo-
metric tensor”. Suppose we have n orthonormal vectors um(k), m = 1 . . . n, in a N dimensional Hilbert space, where
k is some parameter. The quantum geometric tensor can be defined as:
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in which m, n are energy band indices and i, j are spatial direction indices. For convenience we denote ũk =
(un1(k), un2(k), · · · , unn(k)) where n1, n2, · · · , nn are the indices of the energy bands we are interested in. By using
ũk, the quantum geometric tensor can be expressed in a more compact form:
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For convenience we use gij to denote ReGij , and gij = Tr gij is the “Fubini-Study metric” mentioned earlier. It is easy

to notice that gij is actually the integrand appeared in Eqs. (S46). If the Berry connection is defined by A = iũ
†
k@kũk,

then the imaginary part of Gij is proportional to the Berry curvature: ImGij = �
1
2Fij = �

1
2 (@kiAj�@kjAi�i[Ai, Aj ]).

So in conclusion, the quantum geometric tensor can be written as

Gij = gij �
i

2
Fij , (S51)

By this quantity, the Fubini-Study metric and Berry curvature are related with each other. An important feature
of Gij is its positive definiteness. Suppose we have several complex vectors ci 2 Cn, and we will get the following
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.
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†
@kj ũk + ũ
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+ Symmetries Gives Myriad of Topology
Nontrivial F is usually defined/tantamount to absence of localized Wannier Orbitals  
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A, F Are Not The Only Quantity(ies) that Characterize bands
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Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands ũk define a map from the Brillouin zone torus to CPN�1. If we define the distance
between two points k and k + dk as shown:
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ũkũ
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then by expanding this equation to the second order we will find d
2(k,k + dk) = gij(k1)dkidkj . A pedagogical

introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].

A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is | kn, then the Wannier
states can be obtained by the discrete Fourier transformation
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where r̂ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e
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ik·r̂

|unki .

The overlap between two Bloch functions with di↵erent momentum will be:

humk|unk+qi = h mk|e
�iq·r̂

| nk+qi . (S56)

The right hand side of this equation is the Bloch states, and we can transform it into Wannier states as shown:

humk|unk+qi =
1

N

X

RR0

e
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hR0
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Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain

hR0
m|e

�iq·r̂
|Rnie

iq·R = h(R0
� R)m|e

�iq·r̂
|0ni ,
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Tr 𝜕𝑘𝑖 𝒖𝒌 𝒖𝒌 𝜕𝑘𝑗 𝒖

FIG. 1. (a) When the ions (pink) moves away from the equilibrium positions (gray) due to phonons, electrons (blue arrows)
would follow the motions of ions in the tight-binding approximation owing to EPC. (b) The FSM gij(k) provides a measure of
quantum geometry, i.e., how the Bloch states vary in the first Brillouin zone (1BZ, represented by the torus). (c) Quantum
geometry can vanish (left) for trivial atomic limit (right). (d) Quantum geometry must be strong vanish (left) for obstructed
atomic limit (right), even if the band topology is trivial. (e) Nontrivial band topology forces the quantum geometry to be
strong (left), and leads to power-law decayed Wannier functions (right).

glected all these e↵ects, even in the topological era, since
band dispersion or realistic interactions are considered to
either wash out or to be too complicated for discerning
the e↵ects of quantum geometry. However, a large num-
ber of the most famous and interesting materials such as
graphene, are known to exhibit topology in their Fermi
surfaces - such as Berry phases around Dirac points.
These Dirac points are also sources of quantum geometry,
with the Fubini-Study metric diverging as one approaches
them (Appendix. F). This suggests that quantum geom-
etry can play a qualitative and quantitative role in such
“topological” Fermi surfaces.

For phonon-mediated superconductors [12–14], a large
bulk EPC constant � typically leads to a high super-
conducting transition temperature Tc [15, 16]. Although
EPC has been studied for decades [17], it is unknown
how � is directly related to the electron band geometry—
most importantly to the Fermi surface quantum geome-
try (characterized by, e.g., the Fubini-Study metric)—
which is bounded by topology. Such relation, if revealed,
would transform our understanding of the ingredients of
a superconducting glue, and lead to the discovery of new
superconductors, given the large number of topological
materials [2, 18–22].

In this work, we compute the contribution of electron
band geometry and topology to the bulk EPC constant
�. First, we introduce a simple (but in many cases re-
markably accurate) model — dubbed the Gaussian ap-
proximation (GA) — for the EPC to show its deep link to
the electronic band Hamiltonian. In this approximation,

the quantum geometric contribution to � emerges natu-
rally and can be di↵erentiated from the energy disper-
sion contribution. In particular, we find that the either
the Fubini-Study metric (FSM) or an orbital-selective
(OFSM) generalization of this concept directly enter the
expression of EPC. We show that when the Fermi sur-
faces of the electronic bands exhibit topology - such as
winding numbers of the wavefunctions - the O/FSM and
hence the EPC is bounded from below by topological in-
variants.

To test our theory, we apply it to the EPC of two
famous materials: graphene and MgB2, where we find
that our approximation becomes (almost) exact. In tight-
binding and/or e↵ective k ·p models, we analytically find
that in both graphene and MgB2, the quantum geomet-
ric contribution to the bulk EPC constant � is related to
the FSM/OFSM. We further perform the ab initio calcu-
lation, with two di↵erent methods for MgB2, from which
we find that the quantum geometric contribution to �
accounts for roughly 50% and 90% of the total value of
EPC constant in graphene and MgB2, respectively. Be-
yond the GA, we introduce an alternative but similar
way of identifying the quantum geometric contributions
to � based on the symmetry representations (reps) and
the short-ranged nature of the hopping, and reproduce
our results.

We show that the geometric contributions to � are
bounded from below by the topological contributions in
both graphene and MgB2. In graphene, the topologi-
cal contribution arises from the known chirality of the

Metric Tensor and Fubini-Study Metric Are Bounded By Topology 
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Because {um(k)} are orthonormal vectors, the matrix
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Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands ũk define a map from the Brillouin zone torus to CPN�1. If we define the distance
between two points k and k + dk as shown:

d
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then by expanding this equation to the second order we will find d
2(k,k + dk) = gij(k1)dkidkj . A pedagogical

introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].

A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is | kn, then the Wannier
states can be obtained by the discrete Fourier transformation
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p
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The Wannier function localization functional can be defined as follows:
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where r̂ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e

ik·r̂:

| nki = e
ik·r̂

|unki .

The overlap between two Bloch functions with di↵erent momentum will be:

humk|unk+qi = h mk|e
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The right hand side of this equation is the Bloch states, and we can transform it into Wannier states as shown:
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Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain
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iq·R = h(R0
� R)m|e
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and in the flat band limit, "k = "0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ⌫ = v

2
k. By using this relation, the superfluid weight at T = 0 can be written as
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.

IV. QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS

Fubini-Study metric mentioned in last section is closely related with Berry curvature through the “quantum geo-
metric tensor”. Suppose we have n orthonormal vectors um(k), m = 1 . . . n, in a N dimensional Hilbert space, where
k is some parameter. The quantum geometric tensor can be defined as:
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in which m, n are energy band indices and i, j are spatial direction indices. For convenience we denote ũk =
(un1(k), un2(k), · · · , unn(k)) where n1, n2, · · · , nn are the indices of the energy bands we are interested in. By using
ũk, the quantum geometric tensor can be expressed in a more compact form:
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†
k

⇣
1� ũkũ
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The Hermitian (real) and anti-Hermitian (imaginary) parts of Gij are:
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For convenience we use gij to denote ReGij , and gij = Tr gij is the “Fubini-Study metric” mentioned earlier. It is easy

to notice that gij is actually the integrand appeared in Eqs. (S46). If the Berry connection is defined by A = iũ
†
k@kũk,

then the imaginary part of Gij is proportional to the Berry curvature: ImGij = �
1
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1
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So in conclusion, the quantum geometric tensor can be written as
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By this quantity, the Fubini-Study metric and Berry curvature are related with each other. An important feature
of Gij is its positive definiteness. Suppose we have several complex vectors ci 2 Cn, and we will get the following
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Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands ũk define a map from the Brillouin zone torus to CPN�1. If we define the distance
between two points k and k + dk as shown:
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then by expanding this equation to the second order we will find d
2(k,k + dk) = gij(k1)dkidkj . A pedagogical

introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].

A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is | kn, then the Wannier
states can be obtained by the discrete Fourier transformation
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The Wannier function localization functional can be defined as follows:
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where r̂ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e

ik·r̂:
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The overlap between two Bloch functions with di↵erent momentum will be:
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The right hand side of this equation is the Bloch states, and we can transform it into Wannier states as shown:
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Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain
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Quantum metric is bounded from below by topology

Topology
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portional to the frequency as �(!) = iDs
! . Therefore

the superfluid weight will be Ds = �i!�(!). In ex-
periments, �(!) can be measured by the time-domain
transmission spectroscopy without any contact with the
sample [50]. For example, at zero temperature, the sti↵-
ness temperature of Bi2Sr2CaCu2O8+� is measured to
be T✓ = 55K, and the corresponding superfluid weight is
Ds = e

2
kBT✓/~2 = 1.8⇥109 H�1 [47]. As another exam-

ple, the superfluid weight of MoGe thin film is measured
to be Ds = 5 ⇥ 108 H�1 [51].

In Landau-Ginzburg (LG) theory of conventional su-
perconductivity, the superfluid weight is given by Ds ⇡

e
2
ns/m

⇤ in which m
⇤ is the band e↵ective mass and

ns is the superfluid density [46, 52]. At zero temper-
ature, all the electrons have contribution to supercon-
ducting transport, which means ns(T = 0) is equal
to the total electron density, and ns(T ) usually decre-
ses with increasing temperature. If the band is exactly
flat, the band mass will become infinity, and the LG
theory tells us the superfluid weight can be zero even
when Cooper pairing happens. We use the Bistritzer-
MacDonald model to estimate the bandwidth and the
conventional contribution of superfluid weight in TBLG.
Around the magic angle, the flat band mostly lie in an
energy range |"| < W ⇡ 0.5 meV. Hence the e↵ective
mass is approximately m

⇤
⇡ ~2

K
2
M/2W , where KM is

the distance between � and K in Moiré BZ. Thus the
conventional superfluid weight is [Ds]tri ⇡ e

2
ns/m

⇤
⇡

2e
2
WN/~2⌦cK

2
M = 3

p
3e

2
WN/4⇡

2~2, where ⌦c is the
area of the Moiré unit cell, and N is the number of elec-
trons per Moiré unit cell. Here we assume that the super-
fluid density is given by the total electron density, which
is the upper limit of ns. If we consider the case with fill-
ing ⌫ = 1/4 or equivalently N = 2, the value of superfluid
weight will be [Ds]tri ⇡ 5⇥107 H�1, and the correspond-
ing BKT transition temperature will not be higher than
0.6 K. However, LG theory is valid only when the band
is trivial, as the spreading of its Wannier function has a
nonzero lower bound, therefore the estimation based on
LG theory in this paragraph is not enough [1, 53, 54]. As
a result, we show that even in the exactly flat band limit,
the Cooper pairing may acquire nonlocal phase correla-
tions and thus a nonzero superfluid weight, which - as we
show - gives rise to a higher transition temperature.

To obtain the contribution of nontrivial band topol-
ogy to the superfluid weight, we consider a mean-field
Bogoliubov-de-Gennes (BdG) Hamiltonian of a super-
conductor:

HBdG =
1

2

X

k

 †
k

✓
H(k) � µ �(k)
�†(k) �H

⇤(�k) + µ

◆
 k

+
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2

X

k

Tr (H(k) � µ) . (2)

We use ⌦0 to denote the ground state energy of HBdG,
which is also the free energy at zero temperature. We
substitute k ! k�eA by Peierls substitution [55] when a

non-zero uniform gauge potential A is turned on, and the
free energy becomes a function of A. We can then expand
⌦(A) to the second order of Ai and obtain ⌦(A) ⇡ ⌦0 +
1
2V [Ds]ijAiAj , where V is the area of the sample, and the
second order coe�cient [Ds]ij is the superfluid weight.
The first order derivative @A⌦(A) gives us the electric
current, which agrees with the London equation shown
in Eq. (1).

The free energy ⌦(A) and thus the superfluid weight
can be derived from the BdG Hamiltonian. The gen-
eral expression of the superfluid weight is the summa-
tion of three terms given by Eqs. (S18), (S19) and (S28)
in the supplementary material (SM) Sec. II. The first
term in Eq. (S18) corresponds to the Landau-Ginzburg
contribution, while Eqs. (S19) and (S28) are additional
contributions due to the k dependence of the flat band
Bloch wave functions. When the bands are flat, the con-
ventional contribution vanishes, but the wave function
contributions Eqs. (S19) and (S28) can be nonzero, and
are related to the band topology as we show below.

Before we start our discussion about TBLG, we briefly
review the superconductivity in the spin Chern insulator
with exactly flat bands studied in Ref. [1]. In this model,
H(k) has both spinful time reversal symmetry and sz

conservation, which allows one to define a spin Chern
number C. The order parameter �(k) = isy� (in which
sy is the y direction spin Pauli matrix) is momentum
independent, and one can show that the superfluid weight
given by sum of Eqs. (S18), (S19) and (S28) can be
reduced to the following integral in the BZ:

[Ds]ij =
8e
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p
⌫(1 � ⌫)

Z
d
2
k

(2⇡)2
gij(k) , (3)

where ⌫ is the filling ratio of the spinful flat bands,
and gij(k) is the Fubini-Study metric evaluated from the
Bloch wave function of the spin " flat band:

gij(k) =
1

2

�
@kiu

†(k)@kju(k) + @kju
†(k)@kiu(k)

�

+ u
†(k)@kiu(k)u†(k)@kju(k) , (4)

where u(k) is the Bloch wave function at momentum k
of the spin up flat band. This result is derived in the
exact flat band limit, so the contribution from the band
dispersion (Eq. (S18)) disappears. Thus we discover that
LG theory prediction of superfluid weight is not enough
even when the flat band is trivial, because we have models
which has trivial bands and k dependent wave function
u(k), such as the “topological” phase of SSH model [56].
A nonzero spin Chern number further gives a nonzero
lower bound of the Fubini-Study metric, which will be
discussed in the following paragraph.

The Fubini-Study metric defines a distance on the BZ
torus: two momentum points are close to each other if
their wave functions have a large overlap [57]. The in-
tegral of tr g = gxx + gyy also corresponds to the gauge
invariant part of the “Wannier function localization func-

The New Form Is Symmetric (in i, j) 

Its trace over the bands is called the Fubini-Study Metric

= Tr ∂iP (k)∂jP (k) P (k) = U(k)U†(k)

Resta, Brouder, Vanderbilt
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and in the flat band limit, "k = "0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ⌫ = v

2
k. By using this relation, the superfluid weight at T = 0 can be written as
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.

IV. QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS

Fubini-Study metric mentioned in last section is closely related with Berry curvature through the “quantum geo-
metric tensor”. Suppose we have n orthonormal vectors um(k), m = 1 . . . n, in a N dimensional Hilbert space, where
k is some parameter. The quantum geometric tensor can be defined as:

Gmn
ij (k) =

NX

a,b=1

@kiu
⇤
a,m(k)

 
�a,b �

nX

l

ua,l(k)u⇤
b,l(k)

!
@kjub,n(k) , (S47)

in which m, n are energy band indices and i, j are spatial direction indices. For convenience we denote ũk =
(un1(k), un2(k), · · · , unn(k)) where n1, n2, · · · , nn are the indices of the energy bands we are interested in. By using
ũk, the quantum geometric tensor can be expressed in a more compact form:
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The Hermitian (real) and anti-Hermitian (imaginary) parts of Gij are:
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†
@ki ũk
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For convenience we use gij to denote ReGij , and gij = Tr gij is the “Fubini-Study metric” mentioned earlier. It is easy

to notice that gij is actually the integrand appeared in Eqs. (S46). If the Berry connection is defined by A = iũ
†
k@kũk,

then the imaginary part of Gij is proportional to the Berry curvature: ImGij = �
1
2Fij = �
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So in conclusion, the quantum geometric tensor can be written as

Gij = gij �
i

2
Fij , (S51)

By this quantity, the Fubini-Study metric and Berry curvature are related with each other. An important feature
of Gij is its positive definiteness. Suppose we have several complex vectors ci 2 Cn, and we will get the following

The Fubini Study metric and the Berry Curvature Together can 
be placed as the real and imaginary part of a single tensor, the 

Quantum Geometric Tensor
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and in the flat band limit, "k = "0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ⌫ = v

2
k. By using this relation, the superfluid weight at T = 0 can be written as
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.

IV. QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS

Fubini-Study metric mentioned in last section is closely related with Berry curvature through the “quantum geo-
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in which m, n are energy band indices and i, j are spatial direction indices. For convenience we denote ũk =
(un1(k), un2(k), · · · , unn(k)) where n1, n2, · · · , nn are the indices of the energy bands we are interested in. By using
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For convenience we use gij to denote ReGij , and gij = Tr gij is the “Fubini-Study metric” mentioned earlier. It is easy

to notice that gij is actually the integrand appeared in Eqs. (S46). If the Berry connection is defined by A = iũ
†
k@kũk,

then the imaginary part of Gij is proportional to the Berry curvature: ImGij = �
1
2Fij = �

1
2 (@kiAj�@kjAi�i[Ai, Aj ]).

So in conclusion, the quantum geometric tensor can be written as

Gij = gij �
i

2
Fij , (S51)

By this quantity, the Fubini-Study metric and Berry curvature are related with each other. An important feature
of Gij is its positive definiteness. Suppose we have several complex vectors ci 2 Cn, and we will get the following
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and in the flat band limit, "k = "0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ⌫ = v

2
k. By using this relation, the superfluid weight at T = 0 can be written as
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.
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†
k

⇣
1� ũkũ
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†
@ki ũk
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†
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.
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ũk, the quantum geometric tensor can be expressed in a more compact form:

Gij = @ki ũ
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@kj ũk . (S48)

The Hermitian (real) and anti-Hermitian (imaginary) parts of Gij are:

Re[Gij ] =
1

2

⇣
Gij + G†

ij

⌘

=
1

2

⇣
@ki ũ
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@kj ũk + ũ
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†
k@kiŨk
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.
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Because {um(k)} are orthonormal vectors, the matrix
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' must be non-negative. If we choose the complex vectors ci properly,

Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands ũk define a map from the Brillouin zone torus to CPN�1. If we define the distance
between two points k and k + dk as shown:
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then by expanding this equation to the second order we will find d
2(k,k + dk) = gij(k1)dkidkj . A pedagogical

introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].

A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is | kn, then the Wannier
states can be obtained by the discrete Fourier transformation
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The Wannier function localization functional can be defined as follows:

F =
X

n

⇥
h0n|r̂2

|0ni � |h0n|r̂|0ni|
2
⇤

, (S55)

where r̂ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e

ik·r̂:

| nki = e
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The overlap between two Bloch functions with di↵erent momentum will be:
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The right hand side of this equation is the Bloch states, and we can transform it into Wannier states as shown:
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Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain

hR0
m|e

�iq·r̂
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iq·R = h(R0
� R)m|e

�iq·r̂
|0ni ,

17

equation:

X

ij

c
†
iGijcj =

X

ij

nX

l,m=1

c
⇤
i,lG

lm
ij cj,m

=

 
X

i

c
†
i@ki ũ
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†
k

⌘ X

i

@ki ũkci
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†
k

⌘
' must be non-negative. If we choose the complex vectors ci properly,

Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
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wave functions |unki is equal to the inner product of the eigenvectors un(k) of H(k). Therefore, Eq. (S56) can be
written as

u
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Then we take the first and second order derivatives of q on both sides of this equation, and evaluate the result at
q = 0 to obtain:
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The Fourier transformation of these two equations will be
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where ⌦c is the area of the unit cell. For future convenience we divide the localization functional F into the following
two parts:
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and let us denote the first and second terms in Eq. (S68) by FI and F̃ , respectively. Also F̃ is always positive because
of its definition. By using Eqs. (S66) and (S67), the first part FI can be written as the following form:
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The first term is always a real number because it is equal to h0n|r̂2
|0ni. So by taking the complex conjugation we
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Also from the normalization condition we have u
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We use this expression to replace the first term appeared in FI , and the result is
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Notice that the integrand is the trace of the Fubini-Study metric tr g defined by the eigenvectors un(k). Since the
metric is invariant under gauge transformation, FI is gauge invariant. Hence if the integral of tr g has a nonzero
lower bound, the gauge invariant part of Wannier function localization functional will also be bounded. Because F̃ is
always positive by definition, the lower bound of the gauge invariant part FI is also the lower bound of the functional
F itself. In the following section we will show some examples with bounded Fubini-Study metric.

V. BOUNDS ON THE QUANTUM METRIC FOR DIFFERENT SYSTEMS: SSH CHAIN, CHERN
INSULATOR AND C2zT FRAGILE TOPOLOGY

A. SSH Chain

Several examples of metric lower bound are studied in this section. We start our discussion with SSH model.
SSH model is a one dimensional model with chiral symmetry and it can be classified by a winding number. In this
paragraph we show that the integral of Fubini-Study metric of SSH chain is bounded by the winding number. If the
chiral symmetry is represented by �z, then the (flat band) Hamiltonian of SSH model can be written as

H(k) = cos(�(k))�x + sin(�(k))�y , (S73)

in which �(k) is a function of k. The topological index of this model is the winding number, defined by W =
1
2⇡

R
dk @k�(k) 2 Z. By diagonalizing H(k) and finding the wave function of valence band states, we can find the

Fubini-Study metric of SSH model is:

g(k) =
1

4
(@k�(k))2 , (S74)

then it is easy to show that the integral of metric is bounded by the winding number:

1
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aW

2

4
, (S75)

in which a is the lattice constant. Hence the integral of Fubini-Study metric in one dimension with chiral symmetry
is bounded by the winding number.

B. Chern Insulator

The next example will be a band with nonzero Chern number. The integral of Berry curvature of a Chern band
must be 2⇡n, n 2 Z. We consider the case with just one band with a Chern number C1. That means Gij = gij �

i
2Fxy

is a complex number instead of a matrix and gij = gij . If we choose cx = 1, cy = i, Eq. (S52) will become:

Gxx + Gyy + iGxy � iGyx = gxx + gyy + Fxy � 0 ) tr g � �Fxy . (S76)

Similarly, if we choose cx = 1, cy = �i, we will get tr g � Fxy. In conclusion, the trace of the metric is bounded by the
local Berry curvature tr g � |Fxy|. Obviously, lower bound for the integral of metric is given by the Chern number:

1

2⇡

Z
d
2
k tr g �

�����
1

2⇡

Z
d
2
k Fxy

����� = |C1| . (S77)

C. Topology of TBLG flat bands

The flat bands in TBLG are not Chern bands. In fact, their Chern number vanishes. The e↵ective continuum
model of TBLG per spin per valley is the Bistritzer-MacDonald model [3] whose two flat bands around the charge
neutral point have a nontrivial topology protected by this C2zT symmetry. The free fermion Hamiltonian of valley

Clearer  quantum geometry and topology have connections. 
Topological states do not admit localized Wannier descriptions   

(Vanderbilt, Resta, Kivelson, Souza and others)
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II. WANNIER FUNCTIONS
IN THE PERFECT CRYSTAL

In a one-dimensional crystal with inversion sym-
metry, it is easy to show that the normally defined
WF's are indeed eigenstates of R . We wi11 con-
sider explicitly only the usual case in which the
eigenvalues of R are nondegenerate, but the gen-
eralization to the case of degenerate eigenvalues is
straightforward. Specifically, consider the usual
WF's which we label according to band (a,P) and
according to the expectation value of the position
operator

(Ra ~r ~Ra)=R .
We will show that

(2.1)

the noncrystalline region D. This result is more
general that that of Kohn and Onffroy in that it is
valid in the presence of topological disorder (in
which Ci and C2 are different) in addition to the
case of a point defect (Ci——C2) already considered
by them.
Finally, as an example of the usefulness of the

generalized WF's, we consider the quantum-
mechanical charge fluctuations of the fractional
charge associated with solitons in a commensurate
Peierls system. It was shown in Ref. 1 that in a
continuum model of the commensurability 2 sys-
tem, the charge fluctuations vanish in the long-
wavelength limit. However, the continuum model
contains an artificial cutoff to the fermion spec-
trum. In Sec. V, we use the properties of the WF's
to study the fractionally charged solitons. As in
Ref. 8, we show that the charge fluctuations asso-
ciated with the soliton are exponentially localized
to the vicinity of the soliton. We thus confirm the
fact that in the long-wavelength limit, fractional
charge is a sharp quantum observable.

H= ~a
2 +V(x), (3.1)

the position operator obeys the commutation rela-
tion

fi[[H,r],r]=
e

(3.2)

From this, it is possible to place an upper bound
on the average second moment [l~] of the WF's
in band a,

[l ] =—g (Ra ~
(r—R)~~Ra),

R
(3.3)

where X is the dimension of S . The derivation
proceeds along lines similar to those of the usual
proof of the f sum rule. A similar approach was
used in Ref. 6 to obtain an estimate of the band-
edge effective mass (which was found to be related
to l ). For simplicity, we will consider only the
lowest band, a. We note that
F.=g ~R,a)(R,a( (3.4)

where A,~=+1. Thus,
(R,a ) R ~

O,a) =(R,a
~

r"
~
O,a)

=—(A, ) (—R,a ~r ~O,a)
(—O,a

~

r"
~

-R,a)
=—(R,a (

r
) 0, a) =0, (2.5)

where in the latter three expressions, we have in-
voked inversion symmetry, translational symmetry,
and reality, respectively.

III SECOND MOMENT OF
~
Ra)

As long as the solid under consideration is well
described by a one-particle Hamiltonian with a
velocity-independent potential,

(Ra
i
R

i
R'P) =5~p5gg R .

That R
~
R,P) ~ 5 & is immediately apparent from

the definition of R . The translational invariance
of the crystal and the orthogonality of the WF's
imply that

(2.2)

(R,a
~

R
~

R', a)
=R5„„.+(R R', a ~R. ~O,a—) . (2.3)

To complete the proof, we note that the WF's can
be chosen to be real and to be eigenstates of the in-
version operator W:

and that

(3.5)

where
~ P) is any state in S~+S . With the use

of these relations, it is easy to show that

—g (R,a ~
[[H,r R],r R]

~
R,a)— —

R

2=yg g g [E (j)—&p(k)] ( (a,j~ r" ( p, k ))',j~ k
Jr

i R,a) =A, i R,a), (2.4) (3.6)
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Ep(k) E~—(j ) &Es .

Thus,

(3.7)

—g (aj ~

r (1 P)—r ( a,j) &
J. 2M,Eg

(3.g)

Since (r—R)
~
R,a) =(1 P)r —

~
R,a), it follows

that

[I ]'&
g

(3.9)

Equation (3.9) is suggestive of an electron bound
state with binding energy Es. It is, therefore,
tempting to speculate that the existence of an ener-
gy gap implies that

where
~
aj ) is an energy eigenstate in band a with

energy E (j ). Since, by assumption, band a is
separated by a finite energy gap Es from all other
bands,

crystals happen to have coincident gaps. However,
of more interest is the case in which C, and C2 are
topologically distinct versions of otherwise identi-
cal crystals [an example of such a system is shown
schematically in Fig. 1(b)]. Therefore, we will con-
fine our discussion to the cases in which Ci and
C2 are either identical or only topologically dis-
tinct. The case of unrelated crystals can be treated
by the same techniques, but it is considerably more
complicated.
In order to determine the properties of the WF's,

it is convenient first to establish the properties of
the projection operators P . In this we reproduce
in greater generality the results of Kohn and
Onffroy. The projection operator is most con-
veniently defined in terms of an energy integral

P.= f. dEy ~y»(E E,)(y—~a—1

=——Im f dE6(E), (4 1)E-i
(x ~R,a)-exp( —~x —R

~
/lo), (3.10) where

where lo——A'/+2M, Es. We will derive a result of
this sort for a specific class of model systems in
the next section. However, a general demonstra-
tion that an energy gap implies exponential locali-
zation of the WF's has not yet been found.

IV. IMPERFECT CRYSTALS

In this section we consider a system of the type
pictured in Fig. 1 which consists of two semi-
infinite crystals, Ci and Ci, separated by a finite
"defect" region D. Crystals Ci and C2 need not be
the same, but there must be a finite energy gap in
the combined spectrum of Ci and Cz separating
the band of interest from all other bands. Such a
situation can occur accidentally if two unrelated

WZDM~A

I I

(b) -8 -? -6 -5 -4 -3 l-2 -I 0 I ( 2 3 4 5

Cz

FIG. 1. {a) Schematic representation of the allowed
type of defects. {b) Schematic representation of a topo-
logical defect or soliton in a charge-density-wave system
with commensurability 3. The double bond represents a
region of charge buildup and the single bond a region of
charge depletion. C& and C2 are related to each other
by a one lattice constant shift of the double bond.

G(E)=(E+irI H)— (4.2)

cos(Ka) =p(E), (4.3)

where E (K)=E and p(E), considered as a func-
tion of complex E, is an entire function of E.
Equation (4.3) can be taken either to define the
multivalued function E(K), which, for real K, is
equal to E (K) [each a corresponds to a different
branch of the function E(K)] or to define the com-
plex wave number as a function of the energy
K(E). We will see that the optimal choice of lim-
its to the integral in Eq. (4.1) are the energies E~
at which dp/dE vanishes,

dp
dE E=E

(4.4)

and I ~ g) ] are a complete set of eigenvectors of
the Hamiltonian K. In a perfect crystal the exact
choice of the cutoff energies, E, is unimportant so
long as E lies in the band gap between band a
and band a+1. However, in an imperfect system
there are often localized states in the forbidden
gap. The choice of E~ then determines which lo-
calized states are to be associated with band a and
which with band a+1. As we shall see, there is a
unique optimal choice of E which makes the pro-
jection operators P as short range as possible. It
was shown in Ref. 2 that in a perfect crystal the
energy E~(K) of an electron in band a with wave
vector K satisfies the equation



Quantum geometry and Localization

• Real space structure of a Bloch band = quantum geometric tensor 

• Semi-classically,             is the wavepacket size,          is its angular momentum

• Interacting flat bands known to be sensitive to band geometry:

Gij(k) = 〈k|rirj |k〉 − 〈k|ri|k〉 〈k|rj |k〉 = gij(k) +
i

2
εijf(k)

gii(k) f(k)

f(k) Fractional Quantum Hall, Fractional Chern Insulator

g(k) Flat band superconductor, itinerant ferromagnetism
Peotta, Törmä, Song, Lieb, Tasaki, Volovik

Neupert, Sheng, Chamon, Regnault, BAB,  Haldane, Hughes, Vishwanath, Todadri, Parker, Fu, Roy



Quantum Geometry beyond Berry curvature

Lowest Landau level

g(k) = f(k) =
C

2π

Massive 2D Dirac

f(k) →
m
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Atomic limit Band inversion

B-field
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Chiral TBG/
“Vortexable”
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FIG. 1. (a) When the ions (pink) moves away from the equilibrium positions (gray) due to phonons, electrons (blue arrows)
would follow the motions of ions in the tight-binding approximation owing to EPC. (b) The FSM gij(k) provides a measure of
quantum geometry, i.e., how the Bloch states vary in the first Brillouin zone (1BZ, represented by the torus). (c) Quantum
geometry can vanish (left) for trivial atomic limit (right). (d) Quantum geometry must be strong vanish (left) for obstructed
atomic limit (right), even if the band topology is trivial. (e) Nontrivial band topology forces the quantum geometry to be
strong (left), and leads to power-law decayed Wannier functions (right).

glected all these e↵ects, even in the topological era, since
band dispersion or realistic interactions are considered to
either wash out or to be too complicated for discerning
the e↵ects of quantum geometry. However, a large num-
ber of the most famous and interesting materials such as
graphene, are known to exhibit topology in their Fermi
surfaces - such as Berry phases around Dirac points.
These Dirac points are also sources of quantum geometry,
with the Fubini-Study metric diverging as one approaches
them (Appendix. F). This suggests that quantum geom-
etry can play a qualitative and quantitative role in such
“topological” Fermi surfaces.

For phonon-mediated superconductors [12–14], a large
bulk EPC constant � typically leads to a high super-
conducting transition temperature Tc [15, 16]. Although
EPC has been studied for decades [17], it is unknown
how � is directly related to the electron band geometry—
most importantly to the Fermi surface quantum geome-
try (characterized by, e.g., the Fubini-Study metric)—
which is bounded by topology. Such relation, if revealed,
would transform our understanding of the ingredients of
a superconducting glue, and lead to the discovery of new
superconductors, given the large number of topological
materials [2, 18–22].

In this work, we compute the contribution of electron
band geometry and topology to the bulk EPC constant
�. First, we introduce a simple (but in many cases re-
markably accurate) model — dubbed the Gaussian ap-
proximation (GA) — for the EPC to show its deep link to
the electronic band Hamiltonian. In this approximation,

the quantum geometric contribution to � emerges natu-
rally and can be di↵erentiated from the energy disper-
sion contribution. In particular, we find that the either
the Fubini-Study metric (FSM) or an orbital-selective
(OFSM) generalization of this concept directly enter the
expression of EPC. We show that when the Fermi sur-
faces of the electronic bands exhibit topology - such as
winding numbers of the wavefunctions - the O/FSM and
hence the EPC is bounded from below by topological in-
variants.

To test our theory, we apply it to the EPC of two
famous materials: graphene and MgB2, where we find
that our approximation becomes (almost) exact. In tight-
binding and/or e↵ective k ·p models, we analytically find
that in both graphene and MgB2, the quantum geomet-
ric contribution to the bulk EPC constant � is related to
the FSM/OFSM. We further perform the ab initio calcu-
lation, with two di↵erent methods for MgB2, from which
we find that the quantum geometric contribution to �
accounts for roughly 50% and 90% of the total value of
EPC constant in graphene and MgB2, respectively. Be-
yond the GA, we introduce an alternative but similar
way of identifying the quantum geometric contributions
to � based on the symmetry representations (reps) and
the short-ranged nature of the hopping, and reproduce
our results.

We show that the geometric contributions to � are
bounded from below by the topological contributions in
both graphene and MgB2. In graphene, the topologi-
cal contribution arises from the known chirality of the

Metric Tensor and Fubini-Study Metric Are Bounded By Topology 

17

equation:

X

ij

c
†
iGijcj =

X

ij

nX

l,m=1

c
⇤
i,lG

lm
ij cj,m

=

 
X

i

c
†
i@ki ũ
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Because {um(k)} are orthonormal vectors, the matrix
⇣
1� ũkũ

†
k

⌘
is a projector, and the eigenvalues can only be 0 or

1. Therefore a scalar product '†
⇣
1� ũkũ

†
k

⌘
' must be non-negative. If we choose the complex vectors ci properly,

Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands ũk define a map from the Brillouin zone torus to CPN�1. If we define the distance
between two points k and k + dk as shown:

d
2(k,k + dk) =

1

2
Tr
⇣
ũkũ

†
k � ũk+dkũ

†
k+dk

⌘2
, (S53)

then by expanding this equation to the second order we will find d
2(k,k + dk) = gij(k1)dkidkj . A pedagogical

introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].

A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is | kn, then the Wannier
states can be obtained by the discrete Fourier transformation

|Rni =
1

p
N

X

k

e
�ik·R

| nki (S54)

The Wannier function localization functional can be defined as follows:

F =
X

n

⇥
h0n|r̂2

|0ni � |h0n|r̂|0ni|
2
⇤

, (S55)

where r̂ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e

ik·r̂:

| nki = e
ik·r̂

|unki .

The overlap between two Bloch functions with di↵erent momentum will be:

humk|unk+qi = h mk|e
�iq·r̂

| nk+qi . (S56)

The right hand side of this equation is the Bloch states, and we can transform it into Wannier states as shown:

humk|unk+qi =
1

N

X

RR0

e
�ik·(R0�R)

hR0
m|e

�iq·r̂
|Rnie

�iq·R
. (S57)

Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain

hR0
m|e

�iq·r̂
|Rnie

iq·R = h(R0
� R)m|e

�iq·r̂
|0ni ,
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and in the flat band limit, "k = "0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ⌫ = v

2
k. By using this relation, the superfluid weight at T = 0 can be written as
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†
k@kj Ũk
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In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.

IV. QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS

Fubini-Study metric mentioned in last section is closely related with Berry curvature through the “quantum geo-
metric tensor”. Suppose we have n orthonormal vectors um(k), m = 1 . . . n, in a N dimensional Hilbert space, where
k is some parameter. The quantum geometric tensor can be defined as:
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in which m, n are energy band indices and i, j are spatial direction indices. For convenience we denote ũk =
(un1(k), un2(k), · · · , unn(k)) where n1, n2, · · · , nn are the indices of the energy bands we are interested in. By using
ũk, the quantum geometric tensor can be expressed in a more compact form:

Gij = @ki ũ
†
k
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†
k

⌘
@kj ũk . (S48)

The Hermitian (real) and anti-Hermitian (imaginary) parts of Gij are:
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For convenience we use gij to denote ReGij , and gij = Tr gij is the “Fubini-Study metric” mentioned earlier. It is easy

to notice that gij is actually the integrand appeared in Eqs. (S46). If the Berry connection is defined by A = iũ
†
k@kũk,

then the imaginary part of Gij is proportional to the Berry curvature: ImGij = �
1
2Fij = �

1
2 (@kiAj�@kjAi�i[Ai, Aj ]).

So in conclusion, the quantum geometric tensor can be written as

Gij = gij �
i

2
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By this quantity, the Fubini-Study metric and Berry curvature are related with each other. An important feature
of Gij is its positive definiteness. Suppose we have several complex vectors ci 2 Cn, and we will get the following
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' must be non-negative. If we choose the complex vectors ci properly,

Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.

The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands ũk define a map from the Brillouin zone torus to CPN�1. If we define the distance
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then by expanding this equation to the second order we will find d
2(k,k + dk) = gij(k1)dkidkj . A pedagogical

introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].

A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is | kn, then the Wannier
states can be obtained by the discrete Fourier transformation
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The Wannier function localization functional can be defined as follows:
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where r̂ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e
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Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain
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Quantum metric is bounded from below by topology

Topology

But not only!!!
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tional”, or the spread functional, which has been stud-
ied in detail in previous research [58, 59]. The metric
is also related to Berry curvature through the quan-
tum geometric tensor defined by Gij = @kiu
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u(k)u†(k))@kju(k). The real part of Gij is the metric
gij and the imaginary part is the Berry curvature. One
of the most important properties of Gij is its positive
definiteness. It can be shown that for arbitrary com-
plex vectors {ci}, the inequality
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iGijcj � 0 always

holds [60]. If we choose cx = 1 and cy = i, we will find
tr g = gxx + gyy � �Fxy; similarly we choose cx = 1 and
cy = �i, and we will obtain tr g � Fxy. Therefore we
prove that the metric is bounded by the absolute value
of curvature tr g � |Fxy|. From the expression of Ds

one can easily notice tr Ds is bounded by the spin Chern
number C. More details of the quantum metric is dis-
cussed in supplementary material Sec. IV. In TBLG, the
(spin) Chern number is zero, and the system is multi-
band, likely with more complicated pairing symmetry.
Hence a new bound/limit (if any exists) for the super-
fluid weight must be obtained.

We first generalize the result of Ref. [1] to multi-band
systems with a more realistic pairing. The free fermion
Hamiltonian H(k) is assumed to be invariant under spin-
ful time reversal transformation, which is represented by
T = UT K, where UT is a real unitary matrix and K is
complex conjugation operator. We do not (any longer)
assume momentum independent pairing. H(k) is diag-
onalized by U(k) as "k = U

†(k)H(k)U(k) where "k is
a diagonal matrix, and we assume that it has NF flat
bands at same energy. We also assume the band gap
between these flat bands and any other bands is larger
than the bandwidth of flat bands, and the interaction be-
tween the electrons. In the following discussion we use a
time reversal symmetric pairing between Kramers pairs
as follows:
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in which �1,2 2 R because of time reversal symmetry.
Here Ũk = (u1(k), u2(k), · · · , uNF (k)) is the projection
of U(k) into these NF flat bands and ui(k) are the eigen-
vectors of matrix H(k). This ansatz implies that s wave
pairing happens between Kramers pairs and the pairing
strength in the flat bands and in all other bands are given
by �1 and �2, respectively. Therefore we have the fol-
lowing three important assumptions in total: 1) the free
fermion Hamiltonian with time reversal symmetry has
NF flat bands at the same energy near the Fermi level;
2) there is a large band gap between flat bands and other
bands; 3) the pairing order parameter satisfies Eq. (5).
Because of this large band gap between flat bands and
other bands, we can project the BdG Hamiltonian into
the flat bands of the free fermion model and then derive

the superfluid weight. The result is given by
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Ũ

†
k@kiŨkŨ
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in which Tr(X) =
PNF

n=1(Xnn) stands for the trace over
all the flat band indices. Eq. (7) is the the generalization
of Fubini-Study metric in Eq. (4) to multi-band systems,
which is still positive definite [61]. The result in Eq. (3)
derived in Ref. [1] is a special case of our result in Eq.
(6) when the time reversal transformation is represented
by UT = isy, the spin z component is conserved, and
� = �1 = �2.

We also notice that if we assume �2
�1

 �1, the super-
fluid weight will become zero, or even a negative number.
A negative superfluid weight is unphysical, denoting that
the BCS wave function of such a pairing is not a sta-
ble ground state. This also indicates that if there is no
constraint on the order parameter �(k), the superfluid
weight will not be bounded. However we expect a weaker
pairing strength in the bands which are farther away from
the Fermi level, or |�2| < |�1|. If the pairing in higher
bands are much stronger than pairing in the flat bands -
a physically impossible situation -, our projection of the
BdG Hamiltonian into the flat bands may also become
invalid. Hence we later set �2 = 0 in order to estimate
the topological contribution of Ds.

Now we apply Eq. (6) to TBLG, and show that the
fragile topology of TBLG flat bands yields a finite lower
bound of the superfluid weight although it has zero spin
Chern number. The Bistritzer-MacDonald (BM) model
[3] has C2zT , C2x and C3z symmetries, in which T stands
for the spinless time reversal transformation. If all the
spins and valleys are considered here, we will have well-
defined time reversal symmetry, although BM model it-
self does not. The C2zT symmetry is crucial for the flat
bands’ topology [22, 26, 28, 44]. Because of this symme-
try, the two eigenvalues of the non-Abelian Wilson loop
have to be complex conjugation to each other [26, 28].
A winding number can be defined by Wilson loop eigen-
values. C2zT symmetry gives a constraint not only to
the Wilson loop but also to the Berry connection and
Berry curvature. It can be shown [26, 28] that the non-
Abelian Berry connection and curvature of the two flat
bands can always be written as A(k) = �a(k)�2 and
Fxy(k) = �fxy(k)�2 under a proper local gauge choice
on a patch in the Brillouin zone (although a global gauge
choice which satisfies this condition might not exist [62].)
In SM Sec. V, we prove that the Wilson loop winding
number [26], or the “Euler class” in Ref. [28] denoted by
e2, of the two topological bands, which is an integer (if
there are more than two bands, the topological classifi-
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⌘

+
⇣
Ũ
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†
k@kiŨk
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values. C2zT symmetry gives a constraint not only to
the Wilson loop but also to the Berry connection and
Berry curvature. It can be shown [26, 28] that the non-
Abelian Berry connection and curvature of the two flat
bands can always be written as A(k) = �a(k)�2 and
Fxy(k) = �fxy(k)�2 under a proper local gauge choice
on a patch in the Brillouin zone (although a global gauge
choice which satisfies this condition might not exist [62].)
In SM Sec. V, we prove that the Wilson loop winding
number [26], or the “Euler class” in Ref. [28] denoted by
e2, of the two topological bands, which is an integer (if
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is also related to Berry curvature through the quan-
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holds [60]. If we choose cx = 1 and cy = i, we will find
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cy = �i, and we will obtain tr g � Fxy. Therefore we
prove that the metric is bounded by the absolute value
of curvature tr g � |Fxy|. From the expression of Ds

one can easily notice tr Ds is bounded by the spin Chern
number C. More details of the quantum metric is dis-
cussed in supplementary material Sec. IV. In TBLG, the
(spin) Chern number is zero, and the system is multi-
band, likely with more complicated pairing symmetry.
Hence a new bound/limit (if any exists) for the super-
fluid weight must be obtained.

We first generalize the result of Ref. [1] to multi-band
systems with a more realistic pairing. The free fermion
Hamiltonian H(k) is assumed to be invariant under spin-
ful time reversal transformation, which is represented by
T = UT K, where UT is a real unitary matrix and K is
complex conjugation operator. We do not (any longer)
assume momentum independent pairing. H(k) is diag-
onalized by U(k) as "k = U

†(k)H(k)U(k) where "k is
a diagonal matrix, and we assume that it has NF flat
bands at same energy. We also assume the band gap
between these flat bands and any other bands is larger
than the bandwidth of flat bands, and the interaction be-
tween the electrons. In the following discussion we use a
time reversal symmetric pairing between Kramers pairs
as follows:
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by �1 and �2, respectively. Therefore we have the fol-
lowing three important assumptions in total: 1) the free
fermion Hamiltonian with time reversal symmetry has
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†
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try, the two eigenvalues of the non-Abelian Wilson loop
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K and spin up is given by:

h(k)Q,Q0 = vF� · (k � Q)�Q,Q0 + w

3X

j=1

⇣
�Q�Q0,qjTj + �Q�Q0,�qjT

†
j

⌘
, (S78)

in which Q,Q0 take their value in the hexagonal lattice formed by adding q1,2,3 iteratively. Notice that this Hamilto-

nian is not periodic in momentum space. In fact it changes as h(k + G) = VGh(k)V †
G under momentum translation,

in which (VG)Q,Q0 = e
i↵
�Q0�Q,G. The choice of VG has a phase degree of freedom, and we choose it to be real

(↵ = 0,⇡). The reason will be explained later. The C2zT transformation and its representation unitary matrix
D(C2zT ) are defined as follows:

(C2zT ) K",Q,a,k(C2zT )�1 = D(C2zT )Q,a;Q0,b K",Q0,b,k , D(C2zT )Q,a;Q0,b = �Q,Q0(�x)ab , (S79)

and the Hamiltonian satisfies D(C2zT )h⇤(k)D�1(C2zT ) = h(k).

1. C2zT Sewing matrix and o↵-diagonal Berry connection

The topology of these bands has been studied in previous research where it has been proved that they have a Wilson
loop winding number [26, 28]. Before we prove that the metric is bounded by that number, we briefly review the
topology of these flat bands. In momentum space, T sends k to �k and then C2z sends it back to k. Since T

2 = 1
in this case, there is no Kramers degeneracy, and we can have the sewing matrix of C2zT symmetry. If un(k) are the
eigenstates of the Hamiltonian h(k), the C2zT sewing matrix B(k) will have the following form:

D(C2zT )u⇤
m(k) =

X

m

um(k)Bmn(k) , B(k) = ũ
†(k)D(C2zT )ũ⇤(k) , (S80)

where ũk = (u1(k), u2(k)) are the eigenvectors of h(k) which correspond to the flat bands. C2zT symmetry is
antiunitary, hence we need a real embedding matrix VG to make B(l) periodic:

B(k + G) = ũ
†
k+GD(C2zT )ũ⇤

k+G = ũ
†
kV

†
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Gũ
⇤
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†
kD(C2zT )ũ⇤

k = B(k) . (S81)

Because (C2zT )2 = 1, there is no Kramers theorem, then if the two flat bands are not degenerate (away from the
Dirac points), the sewing matrix must be diagonal and can be written as

B(k) =

✓
e
i✓1k 0
0 e

i✓2k

◆
.

Because of the periodicity of B(k), we must have (✓1k+G � ✓1k) = 2⇡n, (✓2k+G � ✓2k) = 2⇡m in which n, m 2 Z.
By definition, the non-Abelian Berry connection is given by A(k) = iũ

†
k@kũk, where ũk = (u1(k), u2(k)) are the

eigenvectors of h(k) which correspond to the flat bands. Due to the property of the sewing matrix Eq. (S80), when
k is not on any Dirac points, the Berry connection satisfies the following equation [26, 28]:

A(k) = �B(k)AT(k)B†(k) + iB(k)@kB
†(k) , (S82)

and this equation is a constraint on the matrix elements of the Berry connection. It requires the non-Abelian
connection to have the following form:

A(k) =
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◆
, (S83)

in which a(k) is a real vector. It is important to know whether a(k) is single valued or not. Because the embedding
matrix VG is momentum independent, the Berry connection itself is periodic. Also the winding numbers n1,2 defined
by phase factors ✓1,2k+G � ✓1,2k = 2⇡n1,2 must be integers because of periodicity of B(k). Therefore we have

e
i
2 (✓1k+G�✓2k+G) = ±e

i
2 (✓1k�✓2k). This means the vector a(k) can be periodic (a(k + G) = a(k)) if (n1 � n2) is an

even integer, or antiperiodic (a(k + G) = �a(k)) if (n1 � n2) is an odd integer. . In fact, by using the property of
C2zT symmetry, we can prove that a(k) must be periodic for topological nontrivial bands.
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When k is not on any Dirac points, we can write down the form of non-Abelian Berry curvature by Eq. (S83):

Fxy = @kxAy(k)�@kyAx(k)�i[Ax(k), Ay(k)] =
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0 ifxye

i
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�ifxye
i
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◆
, fxy = @kxay�@kyax . (S84)

We will show how the Wilson loop winding number is related with fxy in the following subsection.

2. Wilson loop winding

It can be shown that the winding number of the Wilson loop of the two active bands can be expressed as the
integral of fxy on the whole Brillouin zone. We can label the momentum as k = k1

2⇡b1 + k2
2⇡b2 in which b1,2 are the

primitive vectors of the Moiré reciprocal lattice. The large Wilson loop across the whole BZ along b2 direction with
fixed k1 is defined as
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where P stands for the path ordering and c is the straight line path from (k1, 0) to (k1, 2⇡). The complex conjugation
of this Wilson loop operator will become:

W
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ũ
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Since we have proved that the sewing matrix is periodic, we find that W (k1) and W
⇤(k1) only di↵er by a unitary

transformation. There will be two kinds of possiblities: 1) the two eigenvalues are complex conjugation to each other;
2) the two eigenvalues are real, and because of unitarity of W (k1), the two eigenvalues can only be {1, 1}, {1, �1}

or {�1, �1}. However, the second case can only give us a trivial band because the Wilson loop is not winding, and
hence we only consider the first case in the following discussion. Because the two eigenvalues are complex conjugation
to each other, the determinant of this large Wilson loop must be 1. Therefore, we have

det W (k1) = exp

✓
�i

I

c
dk · TrA(k)

◆
= 1 . (S87)

When there is no Dirac point along this Wilson loop, from Eq. (S83) we know that TrA(k) = 1
2@k(✓1k + ✓2k), thusH

c dk · TrA(k) = ⇡(n1 + n2), where n1,2 are the winding numbers of ✓1,2k along this large Wilson loop. Because
of Eq. (S87), (n1 + n2) must be an even integer, and thus (n1 � n2) is also an even integer. As we mentioned in
last subsection, the o↵-diagonal element of Berry connection ia(k)e

i
2 (✓1k�✓2k) is periodic. Since e

i
2 (✓1k+G�✓2k+G) =

e
i⇡(n1�n2)e

i
2 (✓1k�✓2k) = e

i
2 (✓1k�✓2k), we find that a(k + G) = a(k).

The above discussion is about a large Wilson loop W (k1) along BZ without going across any Dirac points. However
the topology of bands is usually diagnosed by the winding of Wilson loop over the whole BZ, which means k1 varies
from 0 to 2⇡ and it must encounter Dirac points during this process. It can be shown that W (k1) is continuous when
it goes across a Dirac point. Assume that WD is a non-Abelian Wilson loop surrounding a Dirac cone at position
(k01, k02). If we want to shrink this loop to a point with the Dirac point surrounded by it, then the shrinking point
must be that Dirac point. The Wilson loop is made out of the projector into the two bands that have the Dirac
point, hence it must be the identity. As shown in FIG. S2 (a), the Wilson loop W (k01 � �) and W (k01 + �) can be
represented as

W (k01 � �) = W
�
1 W

�1
Dl W

�
2 ,

W (k01 + �) = W
+
1 WDrW

+
2 ,

and these Wilson line operators W
±
1 , W

±
2 , WDl and WDr are also shown in FIG. S2 (a). As we just mentioned, the
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where ⌦k1,k0
1

is a rectangle with points (k1, 0), (k1, 2⇡), (k0
1, 2⇡) and (k0

1, 0). If there is a Dirac point between k1 and
k

0
1 at k01, then we can apply Stokes’ theorem on both sides of Dirac point as shown in FIG. S3 (b), and we obtain

the following equations

⇠(k0
1) � ⇠(k01 + �) =

Z

⌦k01+�,k0
1

d
2
k fxy , ⇠(k01 � �) � ⇠(k1) =

Z

⌦k1,k01��

d
2
k fxy . (S99)

Because of the continuity of ⇠(k1), we know that ⇠(k01 + �) = ⇠(k01 � �) when � ! 0. Then by adding the two
equations together, we have

⇠(k0
1) � ⇠(k1) =

Z

⌦0
k1,k0

1

d
2
k fxy , (S100)

in which ⌦0
k1,k0

1
stands for the same the rectangular region as ⌦k1,k0

1
, with Dirac points removed. This is consistent

with the definition of fxy, because it is well defined only when k is not on any Dirac points. Now we can write down
the Wilson loop winding number in terms of the integral of fxy:

e2 =
1

2⇡

Z

BZ0
d
2
k fxy , (S101)

where BZ’ is the whole Brillouin zone with Dirac points removed from the integration area.
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a) b)

FIG. S3. a) The winding of a(k) around a Dirac point and it leads to a discontinuous
R 2⇡

0
dk2 a2(kx, ky). b) The increment

of Wilson loop eigenvalue between k1 and k0
1 is given by the integral of fxy in the rectangular region between k1 and k0

1 with
Dirac points removed.

3. Fubini-Study metric of C2zT topology

The C2zT symmetry yields a constraint on the quantum geometric tensor. The quantum geometric tensor satisfies
the following equation:

Gij(k) = B(k)G⇤
ij(k)B†(k) , (S102)

where B(k) is the sewing matrix of the C2zT symmetry. Similar to the Berry connection case, this equation gives
a constraint on the matrix elements of the quantum geometric tensor. It can be shown that Gij can only take the
following form:

Gij =

 
g11

ij

�
�ij + 1

2fij

�
e

i
2 (✓1�✓2)

�
�ij �

1
2fij

�
e

i
2 (✓2�✓1) g22

ij

!
, (S103)

in which �ij = g12
ij e

i
2 (✓2�✓1) is a real symmetric tensor. By definition the Fubini-Study metric of the two flat bands

with spin " and valley K in TBLG is given by gij = g11
ij + g22

ij . Similar to the Chern insulator case, if we choose

(Xie, Song, BAB, Bohm-Jung Yang, Ahn, Rossi, Pikulin, Torma, Peotta)
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cx = (1, ie
i
2 (✓2�✓1))T, cy = (i, �e

i
2 (✓2�✓1))T, then Eq. (S52) can tell us

X

ij

c
†
iGijcj = g11

xx + g22
xx + g11

yy + g22
yy � 2fxy = tr g � 2fxy � 0 , tr g � 2fxy , (S104)

similarly, if we choose cx = (1, �ie
i
2 (✓2�✓1))T, cy = (i, e

i
2 (✓2�✓1))T, we will have tr g � �2fxy. In conclusion, we have

tr g � 2|fxy|. As we have shown in the last subsection, the integral of fxy gives us the C2zT winding number e2. We
hence find that the integral of metric is bounded by the winding number:

1
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Z

BZ
d
2
k tr g(k) �

1
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BZ0
d
2
k |fxy| �

�����
1

2⇡
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BZ0
d
2
k fxy

����� = |e2| . (S105)

VI. SUPERCONDUCTIVITY IN TBLG

We now discuss the superconductivity in TBLG. The TBLG system has two spin and two valley quantum number.
Thus there are 8 flat bands in total. We denote the fermion annihilation operator by  ⌘,s,Q,a,k, where ⌘ stands for
graphene valley, s stands for electron spin, Q stands for the hexagonal lattice site in momentum space formed by
q1,2,3 vectors and a stands for graphene sublattice. The BM continuum model in Eq. (S78) is the Hamiltonian of
spin " and valley K. To obtain the Hamiltonian of valley K

0, we can use the time reversal transformation T . The
fermion operators  transform as shown under T :

T  ⌘,s,Q,a,kT
�1 = i(sy)ss0(⌧x)⌘⌘0VQ,Q0 v0,s0,Q0,a,�k , (S106)

in which si, ⌧i and �i are Pauli matrices acting on spin, graphene valley and graphene sublattice indices, respectively.
The matrix V acting on Q index is defined by VQ,Q0 = �Q,�Q0 . Therefore the representation matrix of spinful time
reversal transformation in TBLG is UT = isy⌧xV .

By taking all the spin and valley into consideration, the kinetic energy H(k) and time reversal transformation
representation UT can be written as the following diagonal block matrices:

H(k) =

0

B@

hK"(k)
hK0"(k)

hK#(k)
hK0#(k)

1

CA , UT = isy⌧xV =

0

B@

V

V

�V

�V

1

CA , (S107)

in which the entries of this matrix stand for (K "), (K 0
"), (K #) and (K 0

#). Because there is no spin-orbit-
coupling in graphene, we have hK"(k) = hK#(k) = h(k), where h(k) is the BM continuum model in Eq. (S78), and

hK0"(k) = hK0#(k) = h
0(k). Since the Hamiltonian H(k) is time reversal invariant, we have U

†
T H

⇤(�k)UT = H(k).
This condition tells us that h

0(k) = V h
⇤(�k)V . Suppose the eigenvectors of h(k) are denoted by un(k), the flat

bands wave function will be

Ũk =

0

B@

ũk

V ũ
⇤
�k

ũk

V ũ
⇤
�k

1

CA , (S108)

where ũk = (u1(k), u2(k)) and u1,2(k) are the eigenvectors of h(k) which corresponds to the two flat bands.

We assume that the pairing order parameter has the form of Eq. (S29). This pairing order parameter means that
the pairing happens between electrons which has opposite spin, valley and momentum, because the time reversal
transformation UT = isy⌧xV can flip the spin and valley at the same time. Therefore, by using the result in Sec. III,
the superfluid weight of TBLG is given by Eq. (S46). However, since Ũk are the eigenvectors which corresponds to
the all 8 flat bands with all spins and valleys, we cannot directly use the lower bound of Fubini-Study metric of one

Jarillo-Hererro, Andrei, Efetov, Young, Dean, Tutuc, Yazdani, Kim, Yacoby….  



Quantum Metric Can Have Nontrivial Bounds Even In Absence of Topology
(Obstructed Atomic Insulators)  

If wannier center has moved away from the atoms, nontrivial quantum metric

Comes from the impossibility of fully localizing the orbital on-
site; even though localized

Bounded from below by the Real Space Indicators and other 
quantities 

These indicate the Wannier center position.

Herzog-Arbeitman, Song, Peri, BAB, Torma, Hukkinen, Hughes, Refael, Huber others
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FIG. 1. Wannier basis at 1c = 2
3a1 + 1

3a2. The Wannier state
|A1ci (red) centered at 1c is supported only on the neighboring
atomic sites (grey) with A,

1
E, and 2

E orbitals. Only one site
overlaps with neighboring Wannier states (blue).

symmetry, [Ds]ij is determined by the trace of gij
83

G =
1

2

Z
d
2
k

(2⇡)2
Tr rrrP · rrrP � 0, (3)

which is coordinate invariant, dimensionless, and impor-
tantly is quadratic in P (k) (App. B). We give an e�cient
numerical discretization formula in App. B 3.

Flat Band Model. We begin by constructing an OWC
model in the space group p3 generated by spinless C3

symmetry and translations along the lattice vectors a1 =
(1, 0),a2 = C3a1. At the origin (the 1a position), we
place electrons in the A,

1
E,

2
E irreps. These orbitals

induce band representations84,85 with irreps defined by

A1a " p3 = �1 + K1 + K
0
1, C3 = +1

1
E1a " p3 = �2 + K2 + K

0
3, C3 = e

� 2⇡i
3

2
E1a " p3 = �3 + K3 + K

0
2, C3 = e

2⇡i
3

(4)

where � = (0, 0)T, K = 2⇡
3 (b1 + b2), K 0 = �

2⇡
3 (b1 +

b2) are the high symmetry points, and ai · bj = �ij .
The full group theory data can be found on the Bilbao
Crystallographic server86–88. To construct a flat band
OWC from these orbitals, we will use a Wannier basis
centered at the 1c position o↵ the atomic sites at 1a as
in Fig. 1. We form the Wannier states

|R, A1ci =
1

3
TR

2X

j=0

C̃
j
3(|0, Ai + |0,

1
Ei + |0,

2
Ei), (5)

where TR is the translation operator by R, C̃3 is the ro-
tation operator about the 1c position, and |0, ⇢i are the
⇢ orbitals in unit cell 0. Taking C̃3 ! e

⌥ 2⇡i
3 C̃3 in Eq. (5)

yields 1
E and 2

E states at 1c. It is easy to check that
the states |R, A1ci are orthonormal: hR, A1c|R0

, A1ci is
nonzero only if R and R0 are nearest neighbors, and in
this case the only overlap is on a single site which vanishes
due to C̃3 eigenvalues of the orbitals. Fourier transform-
ing Eq. (5) to obtain the eigenstate |k, A1ci yields the
eigenvector U↵(k) = hk, ↵|k, A1ci, ↵ = A,

1
E,

2
E:

U(k) =
1

3

0

@
1
1
1

1

A+
1

3

0

@
1

e
4⇡i
3

e
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3

1

Ae
ik·(a1+a2)+

1

3

0

@
1

e
2⇡i
3

e
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3

1

Ae
ik·a2 ,

(6)

and the local momentum-space Hamiltonian

h(k) = �|t|U(k)U†(k) ⌘ �|t|P (k) (7)

which has three exactly flat bands: the A1c band at en-
ergy �|t| and the degenerate 1

E1c and 2
E1c bands at zero

energy. At filling 1/3, h(k) has the band representation

�1 + K3 + K
0
3 = A1c " p3, (8)

confirming our construction in real space. We also calcu-
late the Berry connection in crystalline coordinates,

Ai(k) = U
†(k)i@iU(k) = (�1/3, �2/3)i , (9)

which is the expectation value of the lattice position oper-
ator in the occupied bands. Noting that the lattice posi-
tion operator is only defined mod 1, Eq. (9) confirms that
the states are located at the 1c position. Because Ai(k)
is independent of k (up to a gauge choice), the Wilson
loop bands are perfectly flat89 and the Berry curvature
is identically zero. Topologically, the model is therefore
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so the mean-field superfluid weight in Eq. (1) is nonzero
despite the model being topologically trivial and having
compact Wannier functions (zero correlation length)57.

It is natural to ask what indices describe these compact
OWC phases. By definition, they are induced by o↵-
site atomic orbitals, so topological quantum chemistry
can identify them because their symmetry data does not
match any of the orbitals present in the lattice. This
is di↵erent than the stable and fragile indices which are
independent of the basis orbitals.

Wilson loops can also identify OWCs. A useful ref-
erence is the SSH chain90 where an eigenvalue of ⇡ of
the Wilson loop operator identifies the o↵-site states91,92.
Lastly, OWCs can be most naturally defined using the
RSI formalism developed in Ref. 15. RSIs are local
quantum numbers which are well-defined in fragile and
OWC phases where they supply lower bounds on the
number of states at the high symmetry Wycko↵ posi-
tions. By definition, RSIs are invariant under symmetry-
preserving adiabatic deformations. Since the Wannier
states in OWCs cannot be moved to atomic sites with-
out closing a gap, they are characterized by a nonzero
RSI o↵ an atomic site. In space group p3, the RSIs at a
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and m(⇢) is the number of ⇢ irreps. The RSIs can be
conveniently calculated from the momentum space sym-
metry data15. In our model, the only nonzero RSIs are
o↵ the atomic sites at the 1c position, (�1c,1, �1c,2) =
(�1, �1). We will now show that, in generality, these o↵-
site RSIs are responsible for a bounded superfluid weight.
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loop bands are perfectly flat89 and the Berry curvature
is identically zero. Topologically, the model is therefore
trivial. However, we calculate the quantum metric in
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despite the model being topologically trivial and having
compact Wannier functions (zero correlation length)57.
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OWC phases. By definition, they are induced by o↵-
site atomic orbitals, so topological quantum chemistry
can identify them because their symmetry data does not
match any of the orbitals present in the lattice. This
is di↵erent than the stable and fragile indices which are
independent of the basis orbitals.

Wilson loops can also identify OWCs. A useful ref-
erence is the SSH chain90 where an eigenvalue of ⇡ of
the Wilson loop operator identifies the o↵-site states91,92.
Lastly, OWCs can be most naturally defined using the
RSI formalism developed in Ref. 15. RSIs are local
quantum numbers which are well-defined in fragile and
OWC phases where they supply lower bounds on the
number of states at the high symmetry Wycko↵ posi-
tions. By definition, RSIs are invariant under symmetry-
preserving adiabatic deformations. Since the Wannier
states in OWCs cannot be moved to atomic sites with-
out closing a gap, they are characterized by a nonzero
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conveniently calculated from the momentum space sym-
metry data15. In our model, the only nonzero RSIs are
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late the Berry connection in crystalline coordinates,

Ai(k) = U
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which is the expectation value of the lattice position oper-
ator in the occupied bands. Noting that the lattice posi-
tion operator is only defined mod 1, Eq. (9) confirms that
the states are located at the 1c position. Because Ai(k)
is independent of k (up to a gauge choice), the Wilson
loop bands are perfectly flat89 and the Berry curvature
is identically zero. Topologically, the model is therefore
trivial. However, we calculate the quantum metric in
cartesian coordinates (a is the lattice constant):

gij(k) =
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so the mean-field superfluid weight in Eq. (1) is nonzero
despite the model being topologically trivial and having
compact Wannier functions (zero correlation length)57.

It is natural to ask what indices describe these compact
OWC phases. By definition, they are induced by o↵-
site atomic orbitals, so topological quantum chemistry
can identify them because their symmetry data does not
match any of the orbitals present in the lattice. This
is di↵erent than the stable and fragile indices which are
independent of the basis orbitals.

Wilson loops can also identify OWCs. A useful ref-
erence is the SSH chain90 where an eigenvalue of ⇡ of
the Wilson loop operator identifies the o↵-site states91,92.
Lastly, OWCs can be most naturally defined using the
RSI formalism developed in Ref. 15. RSIs are local
quantum numbers which are well-defined in fragile and
OWC phases where they supply lower bounds on the
number of states at the high symmetry Wycko↵ posi-
tions. By definition, RSIs are invariant under symmetry-
preserving adiabatic deformations. Since the Wannier
states in OWCs cannot be moved to atomic sites with-
out closing a gap, they are characterized by a nonzero
RSI o↵ an atomic site. In space group p3, the RSIs at a
C3-symmetric Wycko↵ positions are

�1 = m(1E) � m(A), �2 = m(2E) � m(A) (11)

and m(⇢) is the number of ⇢ irreps. The RSIs can be
conveniently calculated from the momentum space sym-
metry data15. In our model, the only nonzero RSIs are
o↵ the atomic sites at the 1c position, (�1c,1, �1c,2) =
(�1, �1). We will now show that, in generality, these o↵-
site RSIs are responsible for a bounded superfluid weight.
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A lemma we prove in Ref. 95 shows that the mini-
mum occurs when ||A|| = 9| a1 |, i.e., when Eq. (19)
is saturated with the lowest harmonics possible. This
is expected because higher harmonics have larger |R|
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weights. Adding up the contributions from the inner six
harmonics ||p(R)||2 in Fig. 2, we find (App. E)
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Plugging in �1c,1 = �1c,2 = �1 from Eq. (11), we obtain
G � a

2
/9⌦c = 2/9

p
3, a factor of 3 below the exact

calculation in Eq. (10). The RSIs in Eq. (22) show that
states o↵ the atomic positions (1a in this case), which
define OWCs, enforce a nonzero superfluid weight. We
obtain bounds for all 2D space groups in Ref. 95.

Hubbard Model. We have shown that single-particle
OWCs and fragile states have a nonzero superfluid weight
at T = 0. However, [Ds]ij in Eq. (1) is obtained from
mean-field BCS theory, which may seem unsuitable to
treat flat band systems lacking a well-defined Fermi sur-
face. We resort to exact numerical simulations to check
its validity at finite temperature.

Using the Hamiltonian h(k) defined in Eq. 7, we form
a spinful Hamiltonian with h"(k) = h(k) and h#(k) =
T h"(k)T �1 = h

⇤(�k) which preserves time-reversal T .
Here ", # label the spins. Including an attractive Hubbard
term with strength |U |, the full Hamiltonian is

H = �|t|
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X

R↵

c
†
R↵"c
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(23)
where w

†
R" creates the Wannier state in Eq. (5), w

†
R# =

T w
†
R,"T

�1, c
†
R↵� is the creation operator in unit cell R,

orbital ↵, and spin � = {", #}. The attractive Hub-
bard model does not su↵er from the fermionic sign prob-
lem, and lends itself to auxiliary-field quantum Monte
Carlo methods96,97. We perform finite-temperature sim-
ulations in the grand canonical ensemble and tune the
chemical potential µ(T ) to half fill the A1c band. We con-
sider a range of Hubbard interactions |U | smaller than the
single-particle gap |t| above the A1c band: |U | = 3, 4, 5,
with |t| = 6. These parameters set us away from the iso-
lated flat band regime |U | ⌧ |t|. We focus on a system
with 6 ⇥ 6 unit cells and periodic boundary conditions.

We can directly extract the finite-temperature su-
perfluid weight Ds(T ) from the Monte Carlo results
(App. C). The transition temperature Tc is determined
by the Nelson-Kosterlitz criterion61: Tc = ⇡D

�
s /2, where

D
�
s is the superfluid weight at the critical temperature

approached from below. In Fig. 3, we plot Ds(T ) for
di↵erent |U | as a function of T/|U |, finding the curves
collapse on top of each other. This confirms Tc /

|U |
100. Our results prove that a coherent superconductor

emerges upon inclusion of an attractive Hubbard interac-
tion in the OWC flat bands, as in topological bands26,100.
Ref. 26 discusses the contrasting case of trivial atomic
bands.

FIG. 3. Monte Carlo. The superfluid weight Ds as a func-
tion of temperature T is computed from Monte Carlo sim-
ulations on H in Eq. (23)98,99. We consider |U | = 3, 4, 5
with |t| = 6 in a system with 6 ⇥ 6 unit cells. The crossing
of Ds with the dashed line 2T/⇡ indicates the Berezinskii-
Kosterlitz-Thouless superconducting transition. The yellow
star/ blue cross indicate the mean-field Ds(T = 0) obtained
from a multi-band/ isolated flat band calculation (Eq. (10)).
The gray hexagon shows the RSI bound on Ds(T = 0).

We can compare the results of our Monte Carlo simula-
tions to the zero temperature predictions of BCS theory.
In particular, we recall in Ref. 95 that the BCS wavefunc-
tion is an exact zero-temperature ground state of the at-
tractive Hubbard model projected into the flat bands51,
as follows from the equal weight of the flat band’s Wan-
nier function over all orbitals in the unit cell42. The
blue cross in Fig. 3 shows the result of the analytical
mean-field calculation after projection into the flat band.
Alternatively, we solve the multi-band mean-field the-
ory numerically in Ref. 95. The result is shown with
the yellow star in Fig. 3. The agreement between our
finite-temperature Monte Carlo simulations and the zero
temperature mean-field calculations justify the use of the
BCS result in Eq. (1), showing that our lower bounds
successfully describe the many-body physics.

Discussion. We have shown that the RSIs characteriz-
ing the quantum geometry have a profound influence on
the interacting groundstate when the flat bands are par-
tially filled. Our lower bound for the superfluid weight
is nontrivial in OWCs where the Wannier charge cen-
ters are obstructed from the atoms. Our bounds are not
saturated by the Hamiltonian in Eq. (7), but we hope
that future work can improve these bounds to be tight.
Our RSI bounds also apply to OWCs with corner states,
as well as stable and fragile topological phases101,102.
Conceptually, the gauge-invariant expression Eq. (14) in
terms of the correlation function shows that long-ranged
Wannier functions are not essential to the lower bound.
Any Wannier function which is supported over multi-
ple unit cells44,57, as can be enforced by symmetry in
a OWC state, produces a quantized RSI lower bound.
Our derivation is general for arbitrary bands and arbi-
trary symmetries. Although we studied the problem in
2D, our method is generalizable to 3D where flat band
OWCs have been exhaustively identified56.
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E1c bands at zero
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confirming our construction in real space. We also calcu-
late the Berry connection in crystalline coordinates,

Ai(k) = U
†(k)i@iU(k) = (�1/3, �2/3)i , (9)

which is the expectation value of the lattice position oper-
ator in the occupied bands. Noting that the lattice posi-
tion operator is only defined mod 1, Eq. (9) confirms that
the states are located at the 1c position. Because Ai(k)
is independent of k (up to a gauge choice), the Wilson
loop bands are perfectly flat89 and the Berry curvature
is identically zero. Topologically, the model is therefore
trivial. However, we calculate the quantum metric in
cartesian coordinates (a is the lattice constant):
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so the mean-field superfluid weight in Eq. (1) is nonzero
despite the model being topologically trivial and having
compact Wannier functions (zero correlation length)57.

It is natural to ask what indices describe these compact
OWC phases. By definition, they are induced by o↵-
site atomic orbitals, so topological quantum chemistry
can identify them because their symmetry data does not
match any of the orbitals present in the lattice. This
is di↵erent than the stable and fragile indices which are
independent of the basis orbitals.

Wilson loops can also identify OWCs. A useful ref-
erence is the SSH chain90 where an eigenvalue of ⇡ of
the Wilson loop operator identifies the o↵-site states91,92.
Lastly, OWCs can be most naturally defined using the
RSI formalism developed in Ref. 15. RSIs are local
quantum numbers which are well-defined in fragile and
OWC phases where they supply lower bounds on the
number of states at the high symmetry Wycko↵ posi-
tions. By definition, RSIs are invariant under symmetry-
preserving adiabatic deformations. Since the Wannier
states in OWCs cannot be moved to atomic sites with-
out closing a gap, they are characterized by a nonzero
RSI o↵ an atomic site. In space group p3, the RSIs at a
C3-symmetric Wycko↵ positions are

�1 = m(1E) � m(A), �2 = m(2E) � m(A) (11)

and m(⇢) is the number of ⇢ irreps. The RSIs can be
conveniently calculated from the momentum space sym-
metry data15. In our model, the only nonzero RSIs are
o↵ the atomic sites at the 1c position, (�1c,1, �1c,2) =
(�1, �1). We will now show that, in generality, these o↵-
site RSIs are responsible for a bounded superfluid weight.



Quantum Geometry Direct Measurements
the tight-binding Hamiltonian is dominated by the nearest-neighbor hopping, the trace of the quasi-122 

QM satisfies the following relation: 123 

B((# + B))# ≈ BI# = 1
2 E−J

&(;# − ;*) − E'$#& + '$$& F;#F, 
(8) 

where  > is the distance between nearest neighboring sites, and 1) is the onsite potential of |&#⟩ 124 

(see Supplementary Discussion 4). Since 4?# is related to the band curvature @A$#* + A$$* B 1#, we 125 

call 4?# as the effective band curvature of |&#⟩. Basically, all the terms in Eq. (8) can be estimated 126 

from ARPES data. 127 

 128 

QGT in the kagome lattice toy model 129 

To demonstrate our strategy to measure the QGT, we consider a simple tight-binding model 130 

on the kagome lattice with an s-orbital per site and the Kane-Mele type spin-orbit coupling (SOC) 131 

(see also Method and Supplemental Discussion 2). The SOC lifts the degeneracy between the two 132 

Dirac bands at K and at the quadratic band touching between the flat band and the parabolic band 133 

at Γ, as shown in Fig. 2c. In this model, because the inversion (,) and time-reversal (E) symmetries 134 

are simultaneously preserved, each band is doubly degenerate and thus the QGT should take a non-135 

abelian form28. However, due to the F+ mirror symmetry about the two-dimensional kagome plane 136 

(F+ = GH+, where σ, is the z-directional spin operator), each spin sector is decoupled; therefore, 137 

the abelian form of the QGT and the quasi-QGT introduced above can be applied to each spin 138 

channel. For the up-spin and down-spin channels, we obtain the same QM and quasi-QM, but 139 

oppositely signed BC and OAM with the same magnitude (see Supplementary Discussion 1). 140 

Fig. 2d,e,h, and i show the quasi-QM, QM, 4?, and 4?/∆1 of the lower Dirac band in the up-141 

spin channel around Γ point, respectively. In this case, the ∆1 is the energy difference between the 142 

lower Dirac band and flat band. To compute 4?, 1) in Eq. (8) is estimated by the energy of the 143 

lower Dirac band at the momentum M (see Supplementary Discussion 4). One can clearly observe 144 

that quasi-QM and 4? have almost the same texture. Their tiny difference in magnitude comes from 145 

the Kane-Mele SOC neglected in the approximation 4-- + 4.. ≈ 4?. As shown in Fig. 2e and i, 146 

QM and 4?/(1/012 − 13!415) are nearly identical due to the small energy gap between the lower 147 

Dirac band and the nearly flat band at Γ. On the other hand, Fig. 2f,g,j, and k compare the OAM, 148 

BC, the normalized CD-ARPES signal 9&3#647 = (9&( − 9&')/(9&( + 9&') , and 9&3#647/∆1 , 149 

respectively. The photoemitted electron intensity 9 is obtained by using the Fermi golden rule in 150 

For Nearest neighbor (not yet published, approximation similar to the ”Gaussian approximation” given later 

All these can be obtained from Arpes

 
Figure 3 | Experimental measurements of quasi-QM and QM. a,b, Top and side view of the crystal 522 
structure of CoSn. The neighboring Co kagome layers are spatially separated by the Sn spacer layer, 523 
realizing the quasi-two-dimensional kagome lattice dispersion in bulk CoSn. c, Experimental band structure 524 
of CoSn along the G-M high symmetry direction. Characteristic features of the kagome lattice dispersion, 525 
i.e., flat band, Dirac band, and SOC gap in between, are marked with the red, black, and white indicators, 526 
respectively. d, DFT band structure of CoSn. The Dirac and flat bands observed in C correspond to the 527 
kagome bands with dxz local orbital character, shown in black and red solid lines. e, Prototypical tight-528 
binding band structure of the kagome lattice for comparison with c,d. f, High-resolution ARPES spectra of 529 
the dxz Dirac band. The red line is a guide to the eye, highlighting the band flattening near the SOC gap. g, 530 
Dispersion of the dxz Dirac band (red circles) and fittings to the kagome tight-binding models with and 531 
without SOC (black solid and grey dashed lines, respectively). Corresponding curvatures are plotted in the 532 
upper panel. h, Experimental dispersion of the dxz Dirac band in two-dimensional momentum-space, 533 
;6!789(Z( , Z)). i, Fitting of the ;6!789(Z( , Z)) using a generic sixth-order polynomial. j-m, Theoretical 534 
quasi-QM and QM of CoSn (l,m) and their experimental estimates using BI and BI/∆; (j,k). Theoretical 535 
quasi-QM and QM are obtained from the {dxz, dyz} orbital-based kagome tight-binding model developed to 536 
describe the CoSn dispersion.  537 
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High-quality planar microcavity with embedded quantum wells that 
support 2D strongly coupled exciton–photon bands 

The polarized polariton eigenstates are exactly determined by a Fourier 
space mapping of polarization-resolved photoluminescence. They exhibit 
non-zero Berry curvature and a non-zero quantum metric.

Integrated optical conductivity also 
measures quantum geometry (Martin, 
Resta)

Checkelsky, Yang, Comin
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e nontrivial topology

FIG. 1. (a) When the ions (pink) moves away from the equilibrium positions (gray) due to phonons, electrons (blue arrows)
would follow the motions of ions in the tight-binding approximation owing to EPC. (b) The FSM gij(k) provides a measure of
quantum geometry, i.e., how the Bloch states vary in the first Brillouin zone (1BZ, represented by the torus). (c) Quantum
geometry can vanish (left) for trivial atomic limit (right). (d) Quantum geometry must be strong vanish (left) for obstructed
atomic limit (right), even if the band topology is trivial. (e) Nontrivial band topology forces the quantum geometry to be
strong (left), and leads to power-law decayed Wannier functions (right).

glected all these e↵ects, even in the topological era, since
band dispersion or realistic interactions are considered to
either wash out or to be too complicated for discerning
the e↵ects of quantum geometry. However, a large num-
ber of the most famous and interesting materials such as
graphene, are known to exhibit topology in their Fermi
surfaces - such as Berry phases around Dirac points.
These Dirac points are also sources of quantum geometry,
with the Fubini-Study metric diverging as one approaches
them (Appendix. F). This suggests that quantum geom-
etry can play a qualitative and quantitative role in such
“topological” Fermi surfaces.

For phonon-mediated superconductors [12–14], a large
bulk EPC constant � typically leads to a high super-
conducting transition temperature Tc [15, 16]. Although
EPC has been studied for decades [17], it is unknown
how � is directly related to the electron band geometry—
most importantly to the Fermi surface quantum geome-
try (characterized by, e.g., the Fubini-Study metric)—
which is bounded by topology. Such relation, if revealed,
would transform our understanding of the ingredients of
a superconducting glue, and lead to the discovery of new
superconductors, given the large number of topological
materials [2, 18–22].

In this work, we compute the contribution of electron
band geometry and topology to the bulk EPC constant
�. First, we introduce a simple (but in many cases re-
markably accurate) model — dubbed the Gaussian ap-
proximation (GA) — for the EPC to show its deep link to
the electronic band Hamiltonian. In this approximation,

the quantum geometric contribution to � emerges natu-
rally and can be di↵erentiated from the energy disper-
sion contribution. In particular, we find that the either
the Fubini-Study metric (FSM) or an orbital-selective
(OFSM) generalization of this concept directly enter the
expression of EPC. We show that when the Fermi sur-
faces of the electronic bands exhibit topology - such as
winding numbers of the wavefunctions - the O/FSM and
hence the EPC is bounded from below by topological in-
variants.

To test our theory, we apply it to the EPC of two
famous materials: graphene and MgB2, where we find
that our approximation becomes (almost) exact. In tight-
binding and/or e↵ective k ·p models, we analytically find
that in both graphene and MgB2, the quantum geomet-
ric contribution to the bulk EPC constant � is related to
the FSM/OFSM. We further perform the ab initio calcu-
lation, with two di↵erent methods for MgB2, from which
we find that the quantum geometric contribution to �
accounts for roughly 50% and 90% of the total value of
EPC constant in graphene and MgB2, respectively. Be-
yond the GA, we introduce an alternative but similar
way of identifying the quantum geometric contributions
to � based on the symmetry representations (reps) and
the short-ranged nature of the hopping, and reproduce
our results.

We show that the geometric contributions to � are
bounded from below by the topological contributions in
both graphene and MgB2. In graphene, the topologi-
cal contribution arises from the known chirality of the

Enter the Quantum Geometry, Which Can Exist Even Without Topology



Quantum Geometry Effects Can Appear in Both Flat and dispersive 
bands

Flat bands: quantum geometry and Berry phases  are everything. 
QG Bounds the superfluid weight, stiffness of collective modes. Berry 
Curvatures gives the spread in low magnetic field

Dispersive bands: quantum geometry is dominated the electron-phonon 
coupling at least in 3 famous cases (and the number is going up)   

First, Start With Flat Bands

Peotta, Törmä, Tasaki, Gao, Niu,
Xiao, Yang, Parker, Vishwanath, Calugaru, Arbeitman, Yu, Hu, BAB

(E. Andrei, J. Checkelsky,  MacDonald, Altman, Balents, Bergman, 
Levitov, Todadri, Vishwanath, Zalatel
Houck, Titus, Huber, BAB, Calugaru, Herzog-Arbeitman…)
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Localized Wannier functions 
originated from no hopping

Delocalized Wannier functions originated from lattice 
geometry:  Line graph, TBG, bipartite lattice…

21Myriad of bands with nontrivial quantum geometry
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FIG. 1. Mobile clusters with C4 symmetry. A mobile cluster
is a minimal set of physical orbitals |Rjµi whose transforma-
tion behavior under the crystalline symmetry is compatible
with being located at any (possibly non-maximal) Wycko↵
position. For spinless C4 symmetry, the mobile clusters on
maximal Wycko↵ positions 1a and 1b contain four orbitals
with C4 eigenvalues {1,�1, i,�i}. (a) We begin with mobile
clusters centered at the 1b Wycko↵ position. (b) Next, we
locally change bases to obtain the states |Rj⇠i that do not
have well-defined C4 eigenvalues, but instead are cyclically
permuted by the action of C4. (c, d) These states can be used
to construct new mobile clusters |Rj0µ0i that are centered
around Wycko↵ position 1a.

tion obstructions were treated on equal footing in previ-
ous works [5, 6, 27, 30, 34], we must distinguish between
them when studying the real-space structure of Wannier
states. The functions Sjµ,↵(R�R0) 2 C must respect the
space group symmetry. Furthermore, the states |WR,↵i
have compact support when Sjµ,↵(R�R0) is strictly zero
for all |R+ t↵�R0� tj | greater than a certain distance.
For the obstructed orbitals |WR,↵i to form a Wannier
basis, they must also be orthonormal:

hWR,↵|WR0,�i = �RR0�↵� . (2)

The interplay between orthogonality, symmetry, and
compact support is already nontrivial in two-dimensional
systems where G contains a single Cn rotation (and trans-
lations), which we focus on in the following. Assuming
spinless rotational symmetries, so that (Cn)n = 1, the
rotation eigenvalues �µ take values

�µ = ei
2⇡
n l, l = 0 . . . n� 1. (3)

|W0⟩

|W2R̄+2tj̄
⟩

R̄ + t j̄

1a

1c

1b

1d

FIG. 2. Overlap of compact trial Wannier states with C2 ro-
tational symmetry. For any compact state |W1i = |W0i of
an OAI, there is another translated Wannier state |W2i =
|W2R̄+2tj̄

i that shares a single lattice site of non-zero over-

lap. Orthogonality hW1|W2i = 0 is impossible when this site
carries a single orbital. (Here, the OAI is centered at Wycko↵
position 1a, while the atomic orbitals locate at 1b, 1c, 1d.)

We call a mobile cluster a configuration of orbitals whose
Cn eigenvalues exhaust all l = 0 . . . n� 1, with each l ap-
pearing exactly once. These configurations are special in
that they can be used to construct compact basis states
at any particular Wycko↵ position, not just at the atomic
positions hosting the mobile cluster orbitals [6, 40]. They
correspond to the induction of a trivial (identity) repre-
sentation of the space group. For instance, given that
|Rjµi, µ = 1 . . . n is a mobile cluster, there exists a
strictly local unitary e↵ecting

|Rjµi ! |Rj0µ0i , (4)

where j, j0 label two Wycko↵ positions with Cn symme-
try, and µ0 labels a new set of orbitals that also forms a
mobile cluster [42]. (See Fig. 1.)
Fragile phases are the band complements of other frag-

ile phases or OAIs [27–34]. In the latter case, they are a
di↵erence of atomic insulators:

FP = AI OAI, (5)

where FP denotes the fragile phase, and AI is the (un-
obstructed) atomic insulator induced from the lattice.
Now, let N(AI) count the number of mobile clusters in
the unit cell. That is, for every group of n orbitals con-
taining all eigenvalues in Eq. (3) present in the unit cell
of AI, we increase N(AI) by one, starting from zero. If
only a part of the orbitals required for a mobile cluster
is present (in addition to the orbitals already counted),
N(AI) is una↵ected and remains integer-valued. For ex-
ample, for the unit cell in Fig. 1a, we have N(AI) = 1.
Furthermore, let N̄(OAI) count the minimal number of

Noncompact atomic 

Schindler, BAB

Quantum Geometry: Where does it appear and how it links to physical observables?



Generalized Flat Band Construction: All flat bands w/o particle hole 

Generalized/Beyond Chiral
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Hk =

✓
Ak Sk

S
†
k Bk

◆
, (3)

where Ak (Bk) is an NL⇥NL (NL̃⇥NL̃) Hermitian ma-
trix denoting the intra-sublattice hopping inside the L

(L̃) sublattice. We assume that Ak has a momentum-
independent eigenvalue a with degeneracy na. If NL̃ <

na  NL, then the Hamiltonian in Eq. (3) has at least
na � NL̃ flat bands of energy a irrespective of Bk. The
proof of this statement is relegated in Appendix [I 4].
The simplest case is to consider Ak to be proportional
to the identity matrix (i.e. Ak = a1), while placing no
constraints on Bk, a construction which we term a gen-

eralized BCL. One can also imagine a more general pos-
sibility in which Ak itself is a BCL Hamiltonian with
na perfectly flat bands. As such, we can consider Ak to
be a generalized BCL Hamiltonian comprised of sublat-
tices L0 and L̃

0 with na = NL0 �NL̃0 . However, it can be
shown (see Appendix [I 4]) that by redefining L̃ L̃

0 and
L  L � L

0, such a Hamiltonian can always be brought
in the form of Eq. (3) with Ak proportional to identity.
We will henceforth consider Ak = a1. Moreover, be-
cause they were essentially defined from the kernel of
S
†
k and have support only on the L sublattice, the chi-

ral BCL flat band eigenstates  +
k,↵ (and corresponding

BTPs) for rk < ↵  NL will remain eigenvectors of Hk,
but with eigenvalue a. The corresponding flat band and
BTP wave functions will not be affected by the introduc-
tion of the intra-sublattice hopping matrices Ak = a1
and Bk. On the other hand the BTPs corresponding to
 

�
k,↵ for rk < ↵  NL̃ will generically be gapped. This

implies that the topological properties of the flat bands,
as well as the corresponding BTPs with the dispersive
bands in a generalized BCL can be inferred from the zero
modes of the effective Hamiltonian Tk = SkS

†
k. The zero

modes of T̃k = S
†
kSk will not correspond to BTPs in the

generalized BCL Hamiltonian from Eq. (3).
Symmetries in a BCL. According to MTQC, the

(co)irreps of an electronic band at high-symmetry mo-
mentum points in the Brillouin zone can be used to diag-
nose its topology [71, 72, 74, 75]. Therefore MTQC is a
natural starting point for discussing the topology of the
BCL flat bands. We assume that the BCL Hamiltonian
from Eq. (1), as well as each of the two sublattices indi-

vidually are invariant under a certain SSG G (in principle,
each sublattice might be invariant under a supergroup of
G, the consequences of which will not be considered in
this paper). At a given high-symmetry momentum point
K, the first-quantized Hamiltonian HK must be invariant
under the symmetry transformations belonging to GK,
the little-group corresponding to K. Since the partition-
ing of the BCL obeys the symmetries of G, every unitary
or anti-unitary symmetry operation g 2 GK is imple-
mented individually in sublattice L (L̃) by a unitary ma-
trix U(g) [Ũ(g)] such that ĝâ

†
i,Kĝ

�1
=

PNL

j=1 Uji(g)â
†
j,K

[ĝb̂†i,Kĝ
�1

=
PNL̃

j=1 Ũji(g)b̂
†
j,K]. Consequently (see Ap-

pendix [I 5]), the inter-sublattice hopping matrix is in-
variant under the symmetry g, i.e. U(g)S

(⇤)
K Ũ

†
(g) = SK,

where (⇤) denotes complex conjugation when g is anti-
unitary. Next, we consider two sets of eigenstates �K,�

and  K,� (labeled by �) corresponding to the two effec-
tive Hamiltonians TK and T̃K with identical eigenvalues
✏
2
K,� = E

2 (with E > 0). Under the symmetry g, the
eigenstates  K,� will transform under a certain (co)irrep
of the little-group GK, i.e.

Ũ(g) 
(⇤)
K,� =

X

↵

⇥
R

E
K(g)

⇤
�↵
 K,↵, (4)

where the sum runs over the states ↵ for which ✏↵,K = E .
Left-multiplying Eq. (4) by 1

ESK and employing the in-
variance of SK under the group GK as well as the mapping
between the nonzero eigenstates of T̃K and TK, we find
that

1

E
SKŨ(g) 

(⇤)
K,� = U(g)�

(⇤)
K,� =

X

↵

⇥
R

E
K(g)

⇤
�↵
�K,↵. (5)

Eq. (5) implies that the set of eigenstates �K,� of the
Hamiltonian TK will transform according to the same
(co)irrep R

E
K of the little group GK. We conclude that

the dispersive bands of the two effective Hamiltonians Tk

and T̃k are not only identical in energies, but also share
the identical (co)irreps at the high symmetry momentum
points. The only exceptions are the zero modes of the
two effective Hamiltonians for which there is no direct
mapping between the eigenstate. For the zero modes of
Tk and T̃k an indirect mapping between the (co)irreps
will be derived below.

Flat band (co)irreps. We now derive the formula for
the (co)irreps of the perfectly flat bands in Tk, and corre-
spondingly the flat bands of the generalized BCL Hamil-
tonian from Eq. (3) with Ak = a1, which are identical
to the former. The proof outlined here relies on the ef-
fective sublattice Hamiltonians, but an alternative one
which does not is presented in Appendix [I 5]. Since Tk

is defined on the L sublattice, the BR corresponding to all
the bands in Tk (BRL) can be found straight-forwardly:
it is just the sum of all the elementary band represen-
tations (EBRs) induced from all the orbitals of the L

sublattice. Similarly, the BR of all the bands (includ-
ing the flat bands) of T̃k (BRL̃) is just the sum of EBRs
induced from all the orbitals of the L̃ sublattice. Further-
more, we know that Tk and T̃k share the same dispersive
bands with the same (co)irreps at the high symmetry
momentum points, except at the zero modes in T̃k or
at the BTPs with the flat bands in Tk. We conclude
the (co)irreps of the perfectly flat bands in Tk (which we
term BFB) are independent of the inter-sublattice hopp-
ping matrix Sk and must be given by those (co)irreps of
BRL which are not in BRL̃.

In what follows, it will be useful to extend the
(co)irreps of the perfectly flat bands to include formal
differences of (co)irreps at given momentum points by

The story of two (sub)lattices
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Ak has k-independent eigenvalue a with degeneracy na

If        < na ≤        , then the Hamiltonian in Eq. (3) has at least 
na −           flat bands of energy a irrespective of Bk. 
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where Ak (Bk) is an NL⇥NL (NL̃⇥NL̃) Hermitian ma-
trix denoting the intra-sublattice hopping inside the L

(L̃) sublattice. We assume that Ak has a momentum-
independent eigenvalue a with degeneracy na. If NL̃ <

na  NL, then the Hamiltonian in Eq. (3) has at least
na � NL̃ flat bands of energy a irrespective of Bk. The
proof of this statement is relegated in Appendix [I 4].
The simplest case is to consider Ak to be proportional
to the identity matrix (i.e. Ak = a1), while placing no
constraints on Bk, a construction which we term a gen-

eralized BCL. One can also imagine a more general pos-
sibility in which Ak itself is a BCL Hamiltonian with
na perfectly flat bands. As such, we can consider Ak to
be a generalized BCL Hamiltonian comprised of sublat-
tices L0 and L̃

0 with na = NL0 �NL̃0 . However, it can be
shown (see Appendix [I 4]) that by redefining L̃ L̃
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0, such a Hamiltonian can always be brought
in the form of Eq. (3) with Ak proportional to identity.
We will henceforth consider Ak = a1. Moreover, be-
cause they were essentially defined from the kernel of
S
†
k and have support only on the L sublattice, the chi-
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BTP wave functions will not be affected by the introduc-
tion of the intra-sublattice hopping matrices Ak = a1
and Bk. On the other hand the BTPs corresponding to
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Symmetries in a BCL. According to MTQC, the

(co)irreps of an electronic band at high-symmetry mo-
mentum points in the Brillouin zone can be used to diag-
nose its topology [71, 72, 74, 75]. Therefore MTQC is a
natural starting point for discussing the topology of the
BCL flat bands. We assume that the BCL Hamiltonian
from Eq. (1), as well as each of the two sublattices indi-

vidually are invariant under a certain SSG G (in principle,
each sublattice might be invariant under a supergroup of
G, the consequences of which will not be considered in
this paper). At a given high-symmetry momentum point
K, the first-quantized Hamiltonian HK must be invariant
under the symmetry transformations belonging to GK,
the little-group corresponding to K. Since the partition-
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Eq. (5) implies that the set of eigenstates �K,� of the
Hamiltonian TK will transform according to the same
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Flat band (co)irreps. We now derive the formula for
the (co)irreps of the perfectly flat bands in Tk, and corre-
spondingly the flat bands of the generalized BCL Hamil-
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ping matrix Sk and must be given by those (co)irreps of
BRL which are not in BRL̃.

In what follows, it will be useful to extend the
(co)irreps of the perfectly flat bands to include formal
differences of (co)irreps at given momentum points by
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where Ak (Bk) is an NL⇥NL (NL̃⇥NL̃) Hermitian ma-
trix denoting the intra-sublattice hopping inside the L

(L̃) sublattice. We assume that Ak has a momentum-
independent eigenvalue a with degeneracy na. If NL̃ <

na  NL, then the Hamiltonian in Eq. (3) has at least
na � NL̃ flat bands of energy a irrespective of Bk. The
proof of this statement is relegated in Appendix [I 4].
The simplest case is to consider Ak to be proportional
to the identity matrix (i.e. Ak = a1), while placing no
constraints on Bk, a construction which we term a gen-

eralized BCL. One can also imagine a more general pos-
sibility in which Ak itself is a BCL Hamiltonian with
na perfectly flat bands. As such, we can consider Ak to
be a generalized BCL Hamiltonian comprised of sublat-
tices L0 and L̃

0 with na = NL0 �NL̃0 . However, it can be
shown (see Appendix [I 4]) that by redefining L̃ L̃

0 and
L  L � L

0, such a Hamiltonian can always be brought
in the form of Eq. (3) with Ak proportional to identity.
We will henceforth consider Ak = a1. Moreover, be-
cause they were essentially defined from the kernel of
S
†
k and have support only on the L sublattice, the chi-

ral BCL flat band eigenstates  +
k,↵ (and corresponding

BTPs) for rk < ↵  NL will remain eigenvectors of Hk,
but with eigenvalue a. The corresponding flat band and
BTP wave functions will not be affected by the introduc-
tion of the intra-sublattice hopping matrices Ak = a1
and Bk. On the other hand the BTPs corresponding to
 

�
k,↵ for rk < ↵  NL̃ will generically be gapped. This

implies that the topological properties of the flat bands,
as well as the corresponding BTPs with the dispersive
bands in a generalized BCL can be inferred from the zero
modes of the effective Hamiltonian Tk = SkS

†
k. The zero

modes of T̃k = S
†
kSk will not correspond to BTPs in the

generalized BCL Hamiltonian from Eq. (3).
Symmetries in a BCL. According to MTQC, the

(co)irreps of an electronic band at high-symmetry mo-
mentum points in the Brillouin zone can be used to diag-
nose its topology [71, 72, 74, 75]. Therefore MTQC is a
natural starting point for discussing the topology of the
BCL flat bands. We assume that the BCL Hamiltonian
from Eq. (1), as well as each of the two sublattices indi-

vidually are invariant under a certain SSG G (in principle,
each sublattice might be invariant under a supergroup of
G, the consequences of which will not be considered in
this paper). At a given high-symmetry momentum point
K, the first-quantized Hamiltonian HK must be invariant
under the symmetry transformations belonging to GK,
the little-group corresponding to K. Since the partition-
ing of the BCL obeys the symmetries of G, every unitary
or anti-unitary symmetry operation g 2 GK is imple-
mented individually in sublattice L (L̃) by a unitary ma-
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where (⇤) denotes complex conjugation when g is anti-
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and  K,� (labeled by �) corresponding to the two effec-
tive Hamiltonians TK and T̃K with identical eigenvalues
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between the nonzero eigenstates of T̃K and TK, we find
that

1

E
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Eq. (5) implies that the set of eigenstates �K,� of the
Hamiltonian TK will transform according to the same
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K of the little group GK. We conclude that

the dispersive bands of the two effective Hamiltonians Tk

and T̃k are not only identical in energies, but also share
the identical (co)irreps at the high symmetry momentum
points. The only exceptions are the zero modes of the
two effective Hamiltonians for which there is no direct
mapping between the eigenstate. For the zero modes of
Tk and T̃k an indirect mapping between the (co)irreps
will be derived below.

Flat band (co)irreps. We now derive the formula for
the (co)irreps of the perfectly flat bands in Tk, and corre-
spondingly the flat bands of the generalized BCL Hamil-
tonian from Eq. (3) with Ak = a1, which are identical
to the former. The proof outlined here relies on the ef-
fective sublattice Hamiltonians, but an alternative one
which does not is presented in Appendix [I 5]. Since Tk

is defined on the L sublattice, the BR corresponding to all
the bands in Tk (BRL) can be found straight-forwardly:
it is just the sum of all the elementary band represen-
tations (EBRs) induced from all the orbitals of the L
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more, we know that Tk and T̃k share the same dispersive
bands with the same (co)irreps at the high symmetry
momentum points, except at the zero modes in T̃k or
at the BTPs with the flat bands in Tk. We conclude
the (co)irreps of the perfectly flat bands in Tk (which we
term BFB) are independent of the inter-sublattice hopp-
ping matrix Sk and must be given by those (co)irreps of
BRL which are not in BRL̃.
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�1
=

PNL

j=1 Uji(g)â
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points. The only exceptions are the zero modes of the
two effective Hamiltonians for which there is no direct
mapping between the eigenstate. For the zero modes of
Tk and T̃k an indirect mapping between the (co)irreps
will be derived below.

Flat band (co)irreps. We now derive the formula for
the (co)irreps of the perfectly flat bands in Tk, and corre-
spondingly the flat bands of the generalized BCL Hamil-
tonian from Eq. (3) with Ak = a1, which are identical
to the former. The proof outlined here relies on the ef-
fective sublattice Hamiltonians, but an alternative one
which does not is presented in Appendix [I 5]. Since Tk

is defined on the L sublattice, the BR corresponding to all
the bands in Tk (BRL) can be found straight-forwardly:
it is just the sum of all the elementary band represen-
tations (EBRs) induced from all the orbitals of the L

sublattice. Similarly, the BR of all the bands (includ-
ing the flat bands) of T̃k (BRL̃) is just the sum of EBRs
induced from all the orbitals of the L̃ sublattice. Further-
more, we know that Tk and T̃k share the same dispersive
bands with the same (co)irreps at the high symmetry
momentum points, except at the zero modes in T̃k or
at the BTPs with the flat bands in Tk. We conclude
the (co)irreps of the perfectly flat bands in Tk (which we
term BFB) are independent of the inter-sublattice hopp-
ping matrix Sk and must be given by those (co)irreps of
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The story of two (sub)lattices

With translation invariance zero modes become flat bands
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Arbitrarily chose some “coupling” S between the two “sublattices”: A

Bipartite Crystalline Lattice.
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protected band touching points (BTPs) between the
flat and dispersive bands, which were previously only
explained in an ad-hoc manner [46, 76]: flat bands
carry formal differences of irreducible (co)representations
[(co)irreps], which can be exploited to diagnose pro-
tected BTPs. Moreover, gapped flat bands can real-
ize any commensurate difference of BRs and therefore
make flat bands prime candidates for fragile topological
phases [11, 47, 62, 71, 77–80]. Secondly, the relation be-
tween flat bands and BRs allows us to show that the set
of all perfectly flat bands is finitely generated and con-
struct the corresponding bases in all SSGs.

Model. We start by outlining the BCL construction
(see Appendix [I 1]). A BCL is a translation-invariant
fermionic lattice which is partitioned into two different
sublattices, L and L̃. We assume that each BCL sub-
lattice individually respects all the symmetries of the
BCL’s SSG. For each unit cell R, we define fermionic
annihilation operators âR,i (b̂R,i) corresponding to each
orbital i from sublattice L (L̃). In the case of spinful
fermions, we consider the different spin states as distinct
orbitals (with different spin states having different indices
i). Within each sublattice L and L̃, we place NL and NL̃
orbitals per unit cell, respectively, and introduce a uni-
tary chiral operator C acting differently on the two sub-
lattices: Câ

†
R,iC

�1
= â

†
R,i and Cb̂

†
R,iC

�1
= �b̂

†
R,i. We

will first consider quadratic Hamiltonians H with chiral
anti-commuting symmetry (i.e. {C,H} = 0) and show
later how this constraint can be relaxed. Defining mo-
mentum space operators ĉk,i =

1p
N

P
R ĉR,ie

ik·(R+ri),
where ri denotes the position of the i-th orbital relative
to the unit cell origin and ĉ = â, b̂ for the two sublat-
tices, the Hamiltonian (which includes only generic hop-
pings between the L and L̃ sublattice) can be written
as H =

P
k  ̂

†
kHk ̂k, where the first-quantized Hamilto-

nian matrix is

Hk =

✓
0 Sk

S
†
k 0

◆
(1)

and  ̂
T
k =

⇣
âk,1, . . . , âk,NL , b̂k,1, . . . , b̂k,NL̃

⌘
is an

(NL +NL̃)-dimensional spinor. In Eq. (1), the presence
of chiral symmetry C forbids any intra-sublattice hopping
terms, while Sk denotes the NL⇥NL̃ hopping matrix be-
tween the orbitals belonging to different sublattices [49].
If Sk is rectangular then its rank rk is bounded by the
smaller of its dimensions. Taking NL > NL̃, it follows
(see Appendix [I 2]) that Hk contains at least NL � NL̃
zero modes for all k, giving rise to NL�NL̃ perfectly flat
bands, as well as 2NL̃ dispersive bands coming in pairs
related by chiral symmetry. Generically, Sk has maximal
rank rk for all k with the exception of BTPs between the
flat and the dispersive bands.

The Hamiltonian Hk can be diagonalized using the sin-
gular value decomposition Sk = Wk⌃kV

†
k , where Wk

(Vk) denotes an NL ⇥ NL (NL̃ ⇥ NL̃) unitary matrix,
while ⌃k is a diagonal NL⇥NL̃ matrix of singular values

(listed in descending order). We define  k,↵ (�k,↵) to be
the vector formed by the ↵-th column of Vk (Wk). For
each ↵  rk, the eigenvectors of Hk corresponding to the
dispersive bands are

 
±
k,↵ =

1
p
2

✓
±�k,↵

 k,↵

◆
, (2)

with energies ±✏k,↵, where ✏k,↵ is the ↵-th singular value
of Sk (i.e. the ↵-th nonzero diagonal entry of ⌃k). The
zero modes of Hk are  +T

k,↵ =

⇣
�
T
k,↵, 0

⌘
for rk < ↵  NL

and  �T
k,↵ =

⇣
0, 

T
k,↵

⌘
for rk < ↵  NL̃, with Sk k,↵ = 0

and S
†
k,↵�k,↵ = 0, respectively. These include both the

flat band eigenstates (for which S
†
k�k,↵ = 0 is true for

all k) and the zero modes of the dispersive bands at the
BTPs (where rk < NL̃).

It is instructive to consider “integrating” out the de-
grees of freedom on the smaller sublattice L̃. This is
equivalent to adding a large chemical potential term for
the orbitals in sublattice L̃ and then including their ef-
fects on sublattice L using degenerate second order per-
turbation theory (see Appendix [I 3 a]). Up to multiplica-
tive factors and constant offsets, the resulting effective
Hamiltonian is Tk = SkS

†
k. The eigenvectors of Tk are

simply �k,↵ (1  ↵  NL) and thus include the flat band
modes of the original BCL (being in the kernel of S

†
k,

they are also zero modes of Tk). Alternatively, one may
integrate the other sublattice yielding the Hamiltonian
T̃k = S

†
kSk, whose eigenstates  k,↵ (1  ↵  NL̃) do

not include the flat band modes, but possesses the same
nonzero eigenvalues as Tk: ✏2k,↵ (1  ↵  rk). There is
also a direct mapping between the non-zero eigenstates
of the two Hamiltonians: �k,↵ =

1
✏k,↵

Sk k,↵. Because
Hk and Tk posses identical flat band wave functions and
share the same SSG, they offer identical information on
the topology of the flat band and can be used inter-
changeably to derive the properties of the flat bands.
Additionally, this formal integration procedure is remi-
niscent of the construction of a line-graph Hamiltonian
(Tk) from a Hamiltonian defined on a “root” euclidean
graph (T̃k) with the aid of the incidence matrix of the
“root” graph (Sk) [30, 39]. This connection is discussed
in more detail in Appendix [I 3 b]. It is worth noting that
unlike the line-graph construction, in the BCL construc-
tion, Sk can denote any type of inter-sublattice hopping
matrix between any orbitals (with or without spin-orbit
coupling) and is not restricted to binary incidence matri-
ces in spinless systems of s orbitals. We present several
examples in Appendix [II].

The chiral BCL Hamiltonian H can be generalized by
including generic intra-sublattice hopping terms between
the orbitals of the L̃ sublattice. While the chiral symme-
try no longer holds, a similar argument for the existence
of flat bands remains. To see this, consider the Hamilto-



Classification of Topology of Flat Bands

Gapless Criteria: Example in the P6/mmm1
0
group

-4

-2

0

2

4

BFB =
�
Ag

�
3f " G �

⇣
A1g

⌘

3f
" G

=
⇣
�+5

⌘
+ (K5) +

⇣
M�

3 � M�
4

⌘
BFB =

�
Ag

�
3f " G �

⇣
A0

1

⌘

2c
" G

=
⇣
�+5 � ��4

⌘
+ (K1) +

⇣
M�

3

⌘

Proof: The non-flat pair of bands have same 
symmetry eigenvalues at high symmetry points 

All bands form =            orbitals

Band representation “subtraction”

The (co)irreps of the flat bands and any band touching points can be found by formally
subtracting the (co)irreps induced from the orbitals of the two sublattices
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At a given momentum point K the flat band and corresponding band touching points is
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BFB = BRL � BR
L̃

At a given momentum point K the flat band and corresponding band touching points is
assigned a formal (co)irrep di↵erence

R+,0
K �R�,0

K

Hamiltonian Energy Wave Function Index (Co)Representation Flat Band
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Flat bands with fragile topology

BRL = (E1)1a " G � (A2)1a " G � (A1)3f " G =

= (�1 � �2 � �5 � �6) + (K1 � K2 � 2K3) + (M1 � M2 � 2M3 � 2M4)

BR
L̃
= (E)2c " G = (�5 � �6) + (K1 � K2 � K3) + (M1 � M2 � M3 � M4)

BFB = (�1 � �2) + (K3) + (M3 � M4)

H. C. Po et al., 2019

Flat bands with fragile topology

BRL = (E1)1a " G � (A2)1a " G � (A1)3f " G =

= (�1 � �2 � �5 � �6) + (K1 � K2 � 2K3) + (M1 � M2 � 2M3 � 2M4)

BR
L̃
= (E)2c " G = (�5 � �6) + (K1 � K2 � K3) + (M1 � M2 � M3 � M4)

BFB = (�1 � �2) + (K3) + (M3 � M4)

H. C. Po et al., 2019

Flat bands with fragile topology

BRL = (E1)1a " G � (A2)1a " G � (A1)3f " G =

= (�1 � �2 � �5 � �6) + (K1 � K2 � 2K3) + (M1 � M2 � 2M3 � 2M4)

BR
L̃
= (E)2c " G = (�5 � �6) + (K1 � K2 � K3) + (M1 � M2 � M3 � M4)

BFB = (�1 � �2) + (K3) + (M3 � M4)

H. C. Po et al., 2019

Flat bands with fragile topology

BRL = (E1)1a " G � (A2)1a " G � (A1)3f " G =

= (�1 � �2 � �5 � �6) + (K1 � K2 � 2K3) + (M1 � M2 � 2M3 � 2M4)

BR
L̃
= (E)2c " G = (�5 � �6) + (K1 � K2 � K3) + (M1 � M2 � M3 � M4)

BFB = (�1 � �2) + (K3) + (M3 � M4)

H. C. Po et al., 2019

Flat bands with fragile topology

BRL = (E1)1a " G � (A2)1a " G � (A1)3f " G =

= (�1 � �2 � �5 � �6) + (K1 � K2 � 2K3) + (M1 � M2 � 2M3 � 2M4)

BR
L̃
= (E)2c " G = (�5 � �6) + (K1 � K2 � K3) + (M1 � M2 � M3 � M4)

BFB = (�1 � �2) + (K3) + (M3 � M4)

H. C. Po et al., 2019
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BR
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Knowing ONLY the orbitals on the two lattice - an 
immediate way of obtaining the FB eigenvalues!

Not always expressible as sums of atomic limits (BRs): Topological 
(Po et al, 2017, Bradlyn et al, 2017; with C2T, Ahn, BJ Yang)

Calugaru



Flat band database
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https://www.topologicalquantumchemistry.fr/flatbands/

Regnault, Yuanfeng Xu, Vergniory, Elcoro, Song, Houck, BAB 



Ni3In, Ni3Ga, Ni3Al, Ni3Si, Ni3Ge
• Theory:

• correlation: D. D. Sante, et al., Phys. Rev. Research 5, L012008 (2023)
• structural: A. A. Mousa, et al., Mater. Chem. Phys. 249, 123104 (2020); G. Y. Guo, et al., Phys. Rev. B 66, 054440 (2002); 

G. Y. Guo, et al., J. Magn. Magn., 239, 91 (2002); L. S. Hsu, et al., J. Appl. Phys. 92, 1419 (2002);

• Exp:
• flat band: L. Ye, et al., arXiv: 2106.10824 (2021); 
• Structural: L. S. Hsu, et al., J. Phys. Chem. Solids 60, 1627 (1999);
• Optical: L. S. Hsu, et al., J. Alloys Compd. 377, 29 (2004);
• Electronic: S. M. Hayden, et al., Phys. Rev. B 33, 4977 (1986);
• Alloy: S. Ochial, et al., Acta Metall. 32, 289 (1984);
• Catalytic: P. Czaja, et al., J. Alloys Compd. 927, 167076 (2022).

J. G. Checkelsky:

• Theory:
• Fe3Sn2: S. Fang, et al., Phys. Rev. B 105, 035107 (2022);

• Exp:
• FeSn: M. Kang, et al., Nature Mater. 19, 163 (2020); H. Inoue, et al., Appl. Phys. Lett. 115, 072403 (2019); M. Han, et 

al., Nature Commun. 12, 5345 (2021);
• CoSn: M. Kang, et al., Nature Commun. 11, 4004 (2020);
• Fe3Sn2: C. Lee, et al., arXiv: 2212.02498 (2022); L. Ye, et al., Nature Commun. 10, 4870 (2019); L. Ye, et al., Nature 

555, 638 (2018); 
• AV3Sb5 (A = K, Rb, Cs): H. Li, et al., arXiv: 2303.07254 (2023); M. Kang, et al., Nature Mater. 22, 186 (2023); M. 

Kang, et al., arXiv: 2202.01902; M. Kang, et al., arXiv: 2202.01902
• Ni3In: L. Ye, et al., arXiv: 2106.10824 (2021); 

https://www.topologicalquantumchemistry.com/flatbands/
(Regnault et al, 2022) Co3W, Co3Mo

Most Flat band “Kagome” materials available there

135 Family (KV3Sb5, RbV3Sb3, CsV3Sb3)
• Experiment: CDW: H. Li et al., Nat. Phys. 18, 265 (2022), E. Uykur et al., npj Quantum Mater. 7, 1 (2022), H. Luo et al., Nat Commun 13, 

273 (2022), S. Cho et al., Phys. Rev. Lett. 127, 236401 (2021), N. Ratcliff et al., Phys. Rev. Mater. 5, L111801 (2021), B. R. Ortiz et al., Phys. Rev. X 11, 
041030 (2021), M. Kang et al., (2021), H. Zhao et al., Nature 599, 216 (2021), K. Nakayama et al., Phys. Rev. B 104, L161112 (2021), Z. Liu et al., 
Phys. Rev. X 11, 041010 (2021), N. N. Wang et al., Phys. Rev. Res. 3, 043018 (2021), Z. X. Wang et al., Phys. Rev. B 104, 165110 (2021), H. Li et al., 
Phys. Rev. X 11, 031050 (2021), Z. Liang et al., Phys. Rev. X 11, 031026 (2021), F. H. Yu et al., Nat Commun 12, 3645 (2021), B. Q. Song et al., 
arXiv:2105.09248 (2021), D. W. Song et al., arXiv:2104.09173 (2021), Z. Wang et al., arXiv:2104.05556 (2021).

• Chiral: C. Mielke et al., Nature 602, 245 (2022), Y.-X. Jiang et al., Nat. Mater. 20, 1353 (2021), Z. Wang et al., Phys. Rev. B 104, 
075148 (2021), N. Shumiya et al., Phys. Rev. B 104, 035131 (2021).

• Theory: CDW: M. M. Denner, R. Thomale, and T. Neupert, Phys. Rev. Lett. 127, 217601 (2021), X. Feng et al., Science Bulletin 66, 1384 
(2021), H. Tan et al., Phys. Rev. Lett. 127, 046401 (2021), Y.-P. Lin and R. M. Nandkishore, Phys. Rev. B 104, 045122 (2021).

• Experiment: Superconductivity: Y. Wang et al., arXiv:2012.05898 (2023), C. C. Zhu et al., Phys. Rev. B 105, 094507 (2022), A. 
Tsirlin et al., SciPost Physics 12, 049 (2022), L. Yin et al., Phys. Rev. B 104, 174507 (2021), H. Chen et al., Nature 599, 222 (2021), H.-S. Xu et al., Phys. 
Rev. Lett. 127, 187004 (2021), N. N. Wang et al., Phys. Rev. Res. 3, 043018 (2021), W. Duan et al., Sci. China Phys. Mech. Astron. 64, 107462 (2021), 
C. Mu et al., Chinese Phys. Lett. 38, 077402 (2021), F. Du et al., Phys. Rev. B 103, L220504 (2021), K. Y. Chen et al., Phys. Rev. Lett. 126, 247001 
(2021), F. H. Yu et al., Nat Commun 12, 3645 (2021), S. Ni et al., Chinese Phys. Lett. 38, 057403 (2021), B. Q. Song et al., arXiv:2105.09248 (2021), T. 
Wang et al., arXiv:2105.07732 (2021), B. R. Ortiz et al., Phys. Rev. Mater. 5, 034801 (2021), C. C. Zhao et al., arXiv:2102.08356(2021), Q. Yin et al., 
Chin. Phys. Lett. 38, 037403 (2021), B. R. Ortiz et al., Phys. Rev. Lett. 125, 247002 (2020).

• AHE E. M. Kenney et al., J. Phys.: Condens. Matter 33, 235801 (2021), S.-Y. Yang et al., Science Advances 6, eabb6003 (2020).

• Other: Y. Xiang et al., Nat Commun 12, 6727 (2021), E. Uykur et al., Phys. Rev. B 104, 045130 (2021).

• Theory: Superconductivity: X. Wu et al., Phys. Rev. Lett. 127, 177001 (2021).

166
• Theory: 166, flatband, Kagome: G. Venturini, Zeitschrift für Kristallographie 221, 511(2006), Daniel C. Fredrickson et al., J. Am. Chem. Soc. 130, 8195 (2008); 

N.V. Baranov et al., Phys. Met. Metallogr. 112, 711(2011); P. M. Neves et al., arXiv: 2303.02524 (2023); Y. Wang et al., arXiv: 2303.03359 (2023); M. Jovanovic, 
et al., J. Am. Chem. Soc. 144, 10978 (2022)
• CDW: H. Tan et al.,arXiv: 2302.07922 (2023); 
Exp: CDW: Arachchige H. W. S. et al., Phys. Rev. Lett. 129, 216402 (2022); T. Hu et al., arXiv: 2211.03412;  S. Kang et al., arXiv: 2302.14041 (2023), M. Tuniz 
et al., arXiv: 2302.10699 (2023), S. Cheng et al., arXiv: 2302.12227 (2023), Y. Hu et al., arXiv: 2304.06431 (2023); Z. Guguchia, et al., arXiv: 2304.06436 
(2023), S. Cao et al., arXiv: 2304.08197 (2023), A. Korshunov, et al., arXiv: 2304.09173 (2023); S. Lee et al., arXiv: 2304.11820 (2023); X. Zhang et al., 
Materials 15, 7372 (2022). Y. Wang et al., Chem. Mater. 34, 7337 (2022); Y. Wang et al., 2204.09637 (2023); M. Sinha et al., ACS Cent. Sci. 7, 1381 (2021); 
• Chiral: M. Li et al., Nature Commum. 12, 3129 (2021); J. X. Yin, et al., Nature 583, 533 (2020); N. J. Ghimire, et al., Sci. Adv. 6, eabe2680 (2020); R. L. 

Dalley, et al., Phys. Rev. B 103, 094413 (2021); 

• Exp: Magnetic: S. X. M. Riberolles, et al., arXiv: 2303.01613 (2023); X. Huang, et al., arXiv: 2303.00627 (2023); C. Mielke III, et al., Commun. Phys. 5, 107 (2022); S. 
X. M. Riberolles, et al., Phys. Rev. X 12, 021043 (2022); H. Bhandari, et al., arXiv: 2304.11502 (2023); K. Guo, et al., arXiv: 2210.12117 (2022); F. Kabir, et al., Phys. 
Rev. Mater. 6, 064404 (2022); M. Wenzel, et al., Phys. Rev. B 106, L241108 (2022); J. Lee, et al., Phys. Rev. Mater. 6, 083401 (2022); G. Pokharel, et al., Phys. Rev. 
Mater. 6, 104202 (2022); X. Zhang, et al., Phys. Rev. Mater. 6, 105001 (2022); E. Rosenberg, et al., Phys. Rev. B 106, 115139 (2022); H. Ishikawa, et al., J. Phys. Soc. 
Jpn 90, 124704 (2021); H. Zhang, et al., Phys. Rev. B 101, 100405(R) (2020); X. Y. Li, et al., J. Appl. Phys. 123, 203903 (2018); F. Canepa, et al., J. Alloys Compd. 383, 
10 (2004); A. Szytuła, et al., J. Alloys Compd. 366, L16 (2004); G. K. Marasinghe, et al., J. Appl. Phys. 91, 7863 (2002); Y. Janssen, et al., Physica B Condens. 294, 208 
(2001); T. Mazet, et al., J. Alloys Compd. 325, 67 (2001); J. M. Cadogan, et al., J. Appl. Phys. 87, 6046 (2000); M. F. Fedyna, et al., Neorganicheskie Materialy 35, 461 
(1999); G. Venturini, et al., J. Alloys Compd. 236, 102 (1996); F. Weitzer, et al., J. Appl. Phys. 73, 8447 (1993); G. Venturini, et al., J. Alloys Compd. 200, 51 (1993); G. 
Venturini, et al., J. Magn. Magn. 94, 35 (1991);

Exp: Dirac: Y. Hu et al., Sci. Adv. 8, add2024 (2022); H. Li et. al., Nature Phys. 18, 644 (2022); S. Peng et al., Phys. Rev. Lett. 127, 266401 (2021)
• AHE: D. C. Jones, et al., arXiv: 2203.17246 (2023); H. Zhou, et al., Phys. Rev. Mater. 7, 024404 (2023); L. Min et al., Commun. Phys. 5, 63 (2022); W. Ma, et al., Phys. 

Rev. B 103, 235109 (2021); L. Gao, et al., Appl. Phys. Lett. 119, 092405 (2021); G. Dhakal, et al., Phys. Rev. B 103, L161115 (2021);
• Thermoelectric: S. Roychowdhury, et al., Adv. Mater. 34, 2201350 (2022); 
• other: C. Liu, et al., Surf. Interfaces 39, 102866 (2023); T. Y. Yang, et al., Quantum Front. 1, 14 (2022); H. Zhang, et al., Appl. Phys. Lett. 121, 202401 (2022); X. X. 

Chen, et al., Int. J. Mod. Phys. B 30, 1650068 (2016); T. Braun, et al., J. Solid State Chem. 318, 123742 (2023); P. Wang, et al., Chinese Phys. Lett. 37, 087102 
(2020); L. Eichenberger, et al., Phys. Rev. B 101, 020408 (2020); L. Romaka, et al., J. Alloys Compd. 509, 8862 (2011); I. Oshchapovsky, et al., Acta Cryst. 66, i82 
(2010); G. Venturini, J. Alloy Compd. 322, 190 (2001); T. Mazet, et al., Solid State Commun. 110, 407 (1999); P. Schobinger, et al., J. Alloy Compd 256, 92 (1997); B. 
Malaman, et al., Mater. Res. Bull. 23, 1629 (1988); V. W. Buchholz, et al., Z. anorg. allg. Chem. 482, 40 (1981);

And many others!

Usual reasons - given in models of SG 191 FeGe and 
related - for flat bands need revisiting (no s-orbital 
Kagome/line graph/Mielke, different 
counting/physics) - trigonal Ge spoils Kagome!

A high degree of caution must be exercised with 
the physics of all these realistic flat bands/Diracs; 
especially theoretical interpretation

Heavy Fermion Link: Checkelsky, BAB, Si, Coleman, Buehler-Paschen, To Appear

Inspiration from: Andrei, 
Checkelsky, Regnault, Cava, 
Moll,  Schoop, Ong, Yazdani



Geometric Limit of the Orbital Magnetic Moment
• Berry phase first appeared in the generalized Onsager relation

• In atomic physics,                                         defines spin magnetic moment
• In Bloch bands, semi-classical calculations generalize

• Topological limit                                           reveals a flat band Onsager formula:

H(B) = H + µ0LzB

Area(E) = B(n+
1

2
−

γB

2π
)

µ0Lz → µn(k)

µn(k) =
i

2
εij∂iU

†
n(k)[h(k)− En(k)]∂jUn(k)

h(k) → ∆(1− P (k))

E0 → E0 +B∆f(k)

flat bands in flux dispersive according to topology

(LL/Hofstadter spectrum) (band topology)

E

B

DOS of non-abelian Berry curvature

Gau, Niu

Bohm-Jung Yang, Jonah Arbeitman, Calugaru, others



Strongly Correlated quantum 
geometric flat bands

• Can we make more exact statements, beyond mean field?

• Exact results possible in flat band lattice Hubbard models with quantum geometry

Herzog-Arbeitman
Huhtinen Torma

2

portional to the frequency as �(!) = iDs
! . Therefore

the superfluid weight will be Ds = �i!�(!). In ex-
periments, �(!) can be measured by the time-domain
transmission spectroscopy without any contact with the
sample [50]. For example, at zero temperature, the sti↵-
ness temperature of Bi2Sr2CaCu2O8+� is measured to
be T✓ = 55K, and the corresponding superfluid weight is
Ds = e

2
kBT✓/~2 = 1.8⇥109 H�1 [47]. As another exam-

ple, the superfluid weight of MoGe thin film is measured
to be Ds = 5 ⇥ 108 H�1 [51].

In Landau-Ginzburg (LG) theory of conventional su-
perconductivity, the superfluid weight is given by Ds ⇡

e
2
ns/m

⇤ in which m
⇤ is the band e↵ective mass and

ns is the superfluid density [46, 52]. At zero temper-
ature, all the electrons have contribution to supercon-
ducting transport, which means ns(T = 0) is equal
to the total electron density, and ns(T ) usually decre-
ses with increasing temperature. If the band is exactly
flat, the band mass will become infinity, and the LG
theory tells us the superfluid weight can be zero even
when Cooper pairing happens. We use the Bistritzer-
MacDonald model to estimate the bandwidth and the
conventional contribution of superfluid weight in TBLG.
Around the magic angle, the flat band mostly lie in an
energy range |"| < W ⇡ 0.5 meV. Hence the e↵ective
mass is approximately m

⇤
⇡ ~2

K
2
M/2W , where KM is

the distance between � and K in Moiré BZ. Thus the
conventional superfluid weight is [Ds]tri ⇡ e

2
ns/m

⇤
⇡

2e
2
WN/~2⌦cK

2
M = 3

p
3e

2
WN/4⇡

2~2, where ⌦c is the
area of the Moiré unit cell, and N is the number of elec-
trons per Moiré unit cell. Here we assume that the super-
fluid density is given by the total electron density, which
is the upper limit of ns. If we consider the case with fill-
ing ⌫ = 1/4 or equivalently N = 2, the value of superfluid
weight will be [Ds]tri ⇡ 5⇥107 H�1, and the correspond-
ing BKT transition temperature will not be higher than
0.6 K. However, LG theory is valid only when the band
is trivial, as the spreading of its Wannier function has a
nonzero lower bound, therefore the estimation based on
LG theory in this paragraph is not enough [1, 53, 54]. As
a result, we show that even in the exactly flat band limit,
the Cooper pairing may acquire nonlocal phase correla-
tions and thus a nonzero superfluid weight, which - as we
show - gives rise to a higher transition temperature.

To obtain the contribution of nontrivial band topol-
ogy to the superfluid weight, we consider a mean-field
Bogoliubov-de-Gennes (BdG) Hamiltonian of a super-
conductor:

HBdG =
1

2

X

k

 †
k

✓
H(k) � µ �(k)
�†(k) �H

⇤(�k) + µ

◆
 k

+
1

2

X

k

Tr (H(k) � µ) . (2)

We use ⌦0 to denote the ground state energy of HBdG,
which is also the free energy at zero temperature. We
substitute k ! k�eA by Peierls substitution [55] when a

non-zero uniform gauge potential A is turned on, and the
free energy becomes a function of A. We can then expand
⌦(A) to the second order of Ai and obtain ⌦(A) ⇡ ⌦0 +
1
2V [Ds]ijAiAj , where V is the area of the sample, and the
second order coe�cient [Ds]ij is the superfluid weight.
The first order derivative @A⌦(A) gives us the electric
current, which agrees with the London equation shown
in Eq. (1).

The free energy ⌦(A) and thus the superfluid weight
can be derived from the BdG Hamiltonian. The gen-
eral expression of the superfluid weight is the summa-
tion of three terms given by Eqs. (S18), (S19) and (S28)
in the supplementary material (SM) Sec. II. The first
term in Eq. (S18) corresponds to the Landau-Ginzburg
contribution, while Eqs. (S19) and (S28) are additional
contributions due to the k dependence of the flat band
Bloch wave functions. When the bands are flat, the con-
ventional contribution vanishes, but the wave function
contributions Eqs. (S19) and (S28) can be nonzero, and
are related to the band topology as we show below.

Before we start our discussion about TBLG, we briefly
review the superconductivity in the spin Chern insulator
with exactly flat bands studied in Ref. [1]. In this model,
H(k) has both spinful time reversal symmetry and sz

conservation, which allows one to define a spin Chern
number C. The order parameter �(k) = isy� (in which
sy is the y direction spin Pauli matrix) is momentum
independent, and one can show that the superfluid weight
given by sum of Eqs. (S18), (S19) and (S28) can be
reduced to the following integral in the BZ:

[Ds]ij =
8e

2�

~2

p
⌫(1 � ⌫)

Z
d
2
k

(2⇡)2
gij(k) , (3)

where ⌫ is the filling ratio of the spinful flat bands,
and gij(k) is the Fubini-Study metric evaluated from the
Bloch wave function of the spin " flat band:

gij(k) =
1

2

�
@kiu

†(k)@kju(k) + @kju
†(k)@kiu(k)

�

+ u
†(k)@kiu(k)u†(k)@kju(k) , (4)

where u(k) is the Bloch wave function at momentum k
of the spin up flat band. This result is derived in the
exact flat band limit, so the contribution from the band
dispersion (Eq. (S18)) disappears. Thus we discover that
LG theory prediction of superfluid weight is not enough
even when the flat band is trivial, because we have models
which has trivial bands and k dependent wave function
u(k), such as the “topological” phase of SSH model [56].
A nonzero spin Chern number further gives a nonzero
lower bound of the Fubini-Study metric, which will be
discussed in the following paragraph.

The Fubini-Study metric defines a distance on the BZ
torus: two momentum points are close to each other if
their wave functions have a large overlap [57]. The in-
tegral of tr g = gxx + gyy also corresponds to the gauge
invariant part of the “Wannier function localization func-

In Mean-Field, it is possible to prove (Peotta and Torma; Huhtinen, Arbeitman BAB Torma):
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precisely, the free energy at zero temperature can be expressed as

⌦(q) =
1

2

X

k,Ekn(q)<0

Ekn(q) +
1

2

X

k

Tr ("k�q � µ)

=
1

4

X

k

0

@
X

Ekn(q)<0

Ekn(q) +
X

Ekn(q)>0

Ekn(q) +
X

Ekn(q)<0

Ekn(q) �

X

Ekn(q)>0

Ekn(q)

1

A+
1

2

X

k

Tr ("k�q � µ)

=
1

4

X

k,n

Ekn(q) �
1

4

X

k,n

|Ekn(q)| +
1

2

X

k

Tr ("k�q � µ)

=
1

4

X

k

Tr Hk(q) �
1

4

X

k,n

|Ekn(q)| +
1

2

X

k

Tr ("k�q � µ)

=
1

4

 
X

k

Tr ("k�q � µ) �

X

k

Tr ("�k�q � µ)

!
�

1

4

X

k,n

|Ekn(q)| +
1

2

X

k

Tr ("k�q � µ)

= �
1

4

X

k,n

|Ekn(q)| +
1

2

X

k

Tr ("k�q � µ) , (S9)

where Tr(· · · ) represents the trace over the energy bands. Because of the particle hole redundancy, the eigenvalues
of matrix Hk(0) are related with each other by Ek(NB+n)(0) = �E�kn(0) < 0 when 1  n  NB in which NB is the
number of free electron bands.

II. SUPERFLUID WEIGHT UNDER MEAN-FIELD APPROXIMATION

For completeness, we reproduce the derivation of the superfluid weight. Our procedure is extremely similar to the
derivation in Ref. [1]. For simplicity, the o↵-diagonal block of Hk(q) is denoted by Dk(q):

Dk(q) = U
†(k � q)�(k)U⇤(�k � q) , (S10)

where U(k) is the unitary matrix which diagonalize the original noninteracting Hamiltonian. Ds is defined to be the
second order expansion coe�cients of free energy, so it can be expressed as the second order derivative of ⌦(q):

[Ds]ij =
1

V

@
2⌦(q)

@qi@qj

���
q=0

= �
1

4V

X

kn

sgn(Ekn(q))@qi@qjEkn(q)]
���
q=0

+
1

2V

X

k

Tr @ki@kj"k . (S11)

The first order derivative of the quasiparticle energy Ekn(q) is given by:

@qiEkn(q) =
X

↵,�

@qi (W ⇤
k (q)↵,nHk(q)↵,�Wk(q)�,n)

=
X

↵,�

W
⇤
k (q)↵,n@qiHk(q)↵,�Wk(q)�,n =

h
W

†
k(q)@qiHk(q)Wk(q)

i

n,n
, (S12)

here we use Feynman-Hellman theorem to derive the second equality. Further we take the second order derivative of
Eq. (S12), and it becomes:

@qi@qjEkn(q) = [W †
k(q)@qi@qjHk(q)Wk(q)]n,n + [@qiW

†
k(q)@qjHk(q)Wk(q)]n,n + [W †

k(q)@qjHk(q)@qiWk(q)]n,n .

(S13)
This expression can be further simplified. Suppose Wk(q)↵,n is the n-th eigenvector of matrix Hk(q)↵,� where q is
a parameter, then by definition we have

P
� Hk(q)↵,�Wk(q)�,n = Ekn(q)Wk(q)↵,n. Because Hk(q) is a hermitian

matrix, we will have the following equation when n 6= m:

X

↵�

W
⇤
k (q)↵,nHk(q)↵,�Wk(q)�,m = 0 .

In GL, it should be 1/m = 0. Band delocalization provides stiffness

(Vafek, Kang, Lian, Song, BAB, Calugaru, Vishwanath, Regnault, Crepel, Zaletel)



• Tovmasyan Peotta Torma and Huber identified a nontrivial strong coupling limit 
of  the Hubbard model.

Projecting into the Flat band limit

∞

Pαβ(k) = [U(k)U †(k)]αβ
(Hermitian projector into the flat bands)

• Positive semi-definite Hubbard Hamiltonian

H =
ε|U |

2
N̄ − |U |

∑

Rα

n̄R,α,↑n̄R,α,↓

H =
|U |

2

∑

Rα

(n̄R,α,↑ − n̄R,α,↓)
2 1

V

∑

k

Pαα(k) =
Nflat

Norb
≡ ε

“Uniform Pairing condition”

Projected attractive Hubbard



Enlarged Many-body Symmetry Group

• Hamiltonian possesses an eta symmetry (introduced by Yang)

η
†
=

∑

kα

c̄
†
k,α,↑c̄

†
−k,α,↓ =

∑

Rα

c̄
†
R,α,↑c̄

†
R,α,↓

|n〉 ∝ η
†n |0〉• are all ground states

Arbeitman, Huhkinen Chew Torma BAB, Calugaru et al  

H =
|U |

2

∑

Rα

(n̄R,α,↑ − n̄R,α,↓)
2



Cooper Pair Excitations (Spin Wave For Repulsive U)

• Straightforward calculation of  the excitation matrix

[H, γ
†
p+k,m,σ

γ
†
−k,n,σ′ ] |n〉 =

∑

k′m′n′

γ
†
p+k′,m′,σ

γ
†
−k′,n′,σ′ |n〉 [Rσσ

′

(p)]k′m′n′,kmn

Continuum of  unpaired states

Cooper Pair bands Eµ(p)

• Quadratic:

where        is the minimal quantum metric

E0(p) = gijpipj + . . .

gij

Arbeitman, Huhkinen Chew Torma BAB.
Calugaru et al



Relevance to TBG

• Dramatically reduced critical velocity (characteristic of flat bands)
• Measured from R vs J plots to determine SC state critical current

• Correlation-dominated superfluid weight “from quantum geometry” 
(CAUTION WITH THE INTERPRETATION)
• Calculated from critical current and coherence length measurements
• Also tracks the measured Tc as a function of density, unlike the BCS formula 
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tum geometry [42]. Furthermore, if Coulomb repulsion
overwhelms the would-be attractive interaction, flat band
ferromagnetism, rather than superconductivity, would be
favored [43, 44]. Thus a comprehensive understanding of
the active bands at the Fermi level is required for predic-
tions of the many-body state.

FIG. 1. The crystal structure for (a) Pb10(PO4)6O[45] and
(b) Pb10(PO4)6(OH)2[46]. The Wycko↵ positions of atoms in
space group 176 P63/m are labelled, with their coordinates
given in Table. I. The O atoms surrounding P atoms that
form PO4 are at 6h or generic positions and are not labeled for
simplicity. We also mark two possible Cu doping positions on
Pb2 with yellow and blue circles, which are 1b and 1c Wycko↵
positions in space group 143 P3 and will be called Cu1- and
Cu2-doping, respectively. The H atoms are not shown in (b)
for simplicity, which are close to the trigonal O atoms at 4e
Wycko↵ position.

Due to new advances in understanding and classifica-
tion of band structures [47, 48], we can analyze their
symmetry, localization, and topology with extreme ac-
curacy that only depends on the accuracy of the DFT
calculation. In this work, we study two lead apatites (see
Fig. 1) available in materials databases, Pb10(PO4)6O[45]
and Pb10(PO4)6(OH)2[46] – which we emphasize may not
be the ultimate material structure. Making assumptions
about the location of the fractionally occupied O anion
and the Cu dopant, we obtain several microscopic models
for the electron and phonon bands in this system. Our
results can be summarized as follows.

Firstly in the Pb10(PO4)6O initial structure (Fig. 1(a)),
we consider Cu replacing Pb at two possible positions,
either the 1b or 1c Wycko↵ positions, referred to as the
Cu1- and Cu2-dopings respectively. Both possibilities re-
sult in a set of two bands at the Fermi level dominated by
Cu (see Sec. IIIA). They are narrow with a ⇠ 100-meV
bandwidth, and form an elementary band representation
[47] of the Cu d-orbitals. We compute their Fubini-Study
metric and non-abelian Wilson loops, which show strong
localization, although the the Cu2 structure does have a
significantly reduced gap to the O bands below. For both
possibilities, we obtain 4-band, short-ranged, symmetric
tight-binding models which demonstrate that the weak
dispersion of the Cu orbitals arises primarily from hy-
bridization with nearby O bands. Secondly we consider
the Pb10(PO4)6(OH)2 structure (Fig. 1(b)). For both lo-
cations of the Cu dopant, we again find a set of Cu bands
in an elementary band representation with ⇠ 100-meV
bandwidth. However, the gap to the nearby O bands is

much larger, and we provide a 2-band model built en-
tirely from Cu Wannier functions. Again, the Fubini-
Study metric indicates atomic localization. See Sec. III
and Sec. IV for more details.

In all cases, the two bands at the Fermi level lack strong
quantum geometry. Due to their flat, localized nature,
ferromagnetism seems to be the preferred configuration
of these states in ab initio studies (see Sec. III A). The ab-
sence of extended states in these bands does not support
a theory of high-temperature superconductivity based on
the flat bands we obtain in these structures. However,
preliminary calculations of the phonon spectrum show
that more careful relaxation of the doped compound is
required to fully stabilize their structures, which may re-
sult in changes to the band geometry. A phonon-driven
mechanism for superconductivity must also compete with
the strong Hubbard repulsive interaction, which we also
construct using ab initio Hubbard-Kanamori parameters.

In Refs. [1, 2], LK-99 shows a sharp drop of the resistiv-
ity around 400 K, towards a state claimed to be supercon-
ducting. Nevertheless, the reported value of resistivity is
2-3 orders of magnitude higher than that of good metals;
for instance, Cu presents a resistivity value of 10�6 ⌦cm.
Moreover, the analysis of the reported specific heat shows
no transition up to 400 K, in principle, at odds with a
jump expected due to the release of entropy of a second
order phase transition. Indeed, the specific heat seems to
drop with temperature, which adds more controversy to
the claim of room-temperature superconductivity. Ref.
[49] has recently found evidence for the Cu2S present in
the multi-phase compound sourcing the resistivity tran-
sition. Moreover, the presence of a diamagnetic signal
does not necessarily imply SC. In Fig. 2(A), we show the
magnetic response of the diamagnetic compound HOPG
(Highly Oriented Pyrolityc Graphite). As we can see,
the diamagnetism of HOPG is clearly di↵erent from any
superconductor [50].

FIG. 2. (A) Magnetization vs field for (HOPG) Highly Ori-
ented Pyrolityc Graphite, showing a diamagnetic response.
(B) Hystereses in the curves of the torque (⌧) vs H for NbSe2.

On the other hand, besides the typical hysteric behav-
ior of the magnetization expected in a SC, in Fig. 2B, we
show the magnetic torque response ⌧⌧⌧ = M ⇥ B of the
type II SC NbSe2. The hysteric behavior between the
sweep-up and -down curves defines the di↵erent field re-
gions of a type II SC (vortex solid, vortex liquid, critical
field, etc) [51].
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particular, the Fubini-Study metric will diverge at the touching, as required by the Berry curvature monopole (pointed
out in Ref. [9]) or double Weyl point.

k3

�
(k

2
,k

3
)

k3 = 0

k3 = ⇡

(a) (b)

k2
k3

�
(k

2
,k

3
)

k3 = 0
k3 = ⇡

(c) (d)

k2

2⇡

FIG. 20. Wilson loops. We compute the non-abelian Wilson loop W (k2, k3) = exp i
H
dk1A1(k) for the Cu1 phase (a) and

Cu2 phase (c). The Wilson loop phases/Wannier centers #(k2, k3) show no winding, but show greater variation in the kz = ⇡
plane. Direct comparison of the Wilson loop spectra at k3 = 0 (blue) and k3 = ⇡) (red) for Cu1 (b) and Cu2 (d). Stronger
hybridization with the O bands at k3 = ⇡ is responsible for the dispersion of the Wilson loop.

(b)(a) (c) (d)

FIG. 21. The 2D Fubini-Study metric g(k) = 1
2 Tr(@xP@xP + @yP@yP ) (in unit of a2 of the upper two bands for the DFT

calculation and the tight-binding model Eq. (1).

Fig. 11 shows that Cu and O DFT bands nearly touch at the H point, indicating close proximity to a band inversion.
We check that tuning the t0 vertical hopping of the O orbitals realixes this band crossing, resulting in a topological
phase transition into a semi-metal (see Fig. 22).

(a) (b)

C3 = +1

C3 = e
2⇡i
3

C3 = +1

C3 = e� 2⇡i
3

C3 = e� 2⇡i
3

C3 = e
2⇡i
3

�2�3

�2�3

M1

M1

M1

M1

K2

K1

K3

K3

A2A3

A2A3

L1

L1

L1

L1

H3

H3

H1

H2

(c)

FIG. 22. Inverted Semimetal phase obtained for the Cu1 structure by increasing the O out-of-plane hopping t0O in h4(k). We
compare the dispersions of the C3 irreps along the KH line in the normal (a) and inverted (b) phases. The inverted phase is
a topological semimetal due to the protected crossing of the di↵erent C3 eigenvalues. Note C3 is preserved along all points in
KH. (c) show the band structure in the inverted phase.
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Cu1 Cu2

�2�3

�2�3

A2A3

A2A3

�2�3

�2�3

A2A3

A2A3

K2

K1

K3

K2

K2

K3

K3

K1

H1

H2

H3

H3

H1

H2

H3

H2

(a) (b)

Cu1 TB model

Tr g(k)/a2
Tr g(k)/a2

(c)

Cu2 TB model

(d)

FIG. 11. Comparison of DFT and tight-binding model band structures for Pb9Cu(PO4)6O. The relaxed DFT (red) and short-
range tight-binding model (blue) are shown for Cu1 doping (a) and for Cu2 doping (b). The 2D quantum metric g(k) is
computed on the plane k3 = ⇡ for the Cu1 (c) and Cu2 (d) models, showing peaked features where the Cu and O bands have
the smallest direct gap.

Study quantum metric (Fig. 11(c,d))

g(k) =
1

2

X

i=x,y

Tr @iP (k)@iP (k) (2)

where P (k) = U(k)U †(k) is the projector onto the eigen-
vector matrix U(k) of the two Cu bands, and non-abelian
Wilson (Fig. 20) loop

W (k2, k3) = U †(2⇡, k2, k3)
2⇡ 0Y

k1

P (k) U(0, k2, k3) (3)

computed over the set of two bands at the Fermi level.
Both show strongly localized states, consistent with their
elementary band representation. Furthermore, the basis
Wanniers functions are localized: square root of Wannier
spread is about 0.20a ⇡ 0.26c for Cu and about 0.33a ⇡
0.43c for O). As we can see, the Wannier function is more
localized for Cu than that for O, expalining the fact why
the hopping among Cu is smaller than that among O.

B. Pb9Cu(PO4)6(OH)2

We construct a 2-band model h2(k) for the two bands
near the Fermi level in Pb9Cu(PO4)6(OH)2 for both Cu1

doping and Cu2 doping and in both PM and FM phases.
The 2-band model is constructed with dxz and dyz on
Cu (at 1b for Cu1 doping and at 1c for Cu2 doping), and
it only contains NN hopping along all three directions
in addition to the onsite energy term. The form of the
model is the same for both doping and for both PM and
FM phases, since they all preserve the spinless TR and C3

symmetries for the 2 bands near the Fermi level accord-
ing to the Wannierization of DFT data. With parameter
values determined from the Wannierization of the DFT
data, we can see that the model gives very similar bands
as the DFT band structure (Fig. 12). (Detailed expres-
sion and parameter values of the 2-band model can be
found in Appendix. B 2.)

In particular, for one specific Cu doping, we choose
the same parameter values for the NN hoppings for PM

and FM phases, since the DFT values in the two phases
are very close (di↵erence smaller than 0.1meV ); the only
non-negligible di↵erence between PM and FM is just an
onsite energy shift, indicating that the e↵ect of FM on
the states near Fermi level is just uniformly shifting their
energy. The small bandwidth of the bands near the
Fermi level comes from the small hopping magnitudes
(maximum hopping about 12meV), which comes from
the small spread of the Wannier function of the basis
(the square root of the Wannier spread of each orbital
is about 0.24a ⇡ 0.32c). (See Appendix. B 2 for details.)
We can see the Wannier spread of the 2-band model is
larger than that of the Cu in the 4-band model, which is
consistent with the larger hopping here compared to the
hopping among Cu in the 4-band model.

In the DFT bands structure, the symmetry-protected
gapless points at � and A are double Weyl points with
chirality ±2. (See Appendix. B 2 for details.) However,
the band splitting along �-A is very small (maximum
splitting about 2meV), and thus in our simplified NN-
hopping model, we neglect the band splitting along �-A
for simplicity. Although such simplification in our model
will make the two double Weyl points merge into an ac-
cidental nodal line along �-A, it will be convenient for
future study on the correlated physics, since it makes
the eigenvectors of the Hamiltonian independent of kz.

Both Ref. [16] and Ref. [9] contain 2-band PM models
constructed from dxz and dyz on Cu. However, the 2-
band PM model in Ref. [16] has mirror symmetry along y,
which we do not include in our model since the DFT cal-
culation indicates a considerable breaking of the mirror
symmetry. (See Appendix. B 2 for details.) The 2-band
PM models in both Ref. [16] and Ref. [9] have consider-
ably di↵erent parameter values than ours. Ref. [9] shows
double Weyl points at � and A in their 2 band model,
for which they choose to include the small band splitting
along �-A in their model.



Gapless bands and Singular geometry: Heavy 
Fermion Mapping, mirroring TBG

• Excitation mass “universal”

• Naively enhanced by gapless flat band where 
at a singular band touching (BJ Yang, Calugaru, …)

• Cutoff  momentum scale                  set by interactions

• A finite length scale emerges associated with an obstructed heavy fermion which 
condense into Cooper pairs dressed by conduction electrons

• Superfluid weight is log-enhanced by the singular quantum geometry

1

m
∝ U

∫
d
2
k (∂P )2

∂P → ∞

E.g. Lieb

Flat band quantum metric diverges!

Band localization length2

∫
Λ

d
2
k (∂P )2 = log

1

Λ
+ const → log

t

U

Λ ∼ U/t

t

Yazdani, Nadj-Perge, Ilani and Herrero, Young



We know topology appears on metallic Fermi surfaces and not only in insulators 

We know for flat bands, only topology and quantum geometry can exist

Can Quantum Geometry appear in dispersive bands or is it overwhelmed by the 
kinetic part?

We now look at electron-phonon coupling.
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What is EPC?

Born-Oppenheimer Approximation

Reality

"!

"

EPC~	#!$
Intuition: Why EPC cares about band geometry/topology

Trivial Geometry/Topology:          |"!#| can be small

$

$

……

……
…

…
…

…"!# > 0
Nontrivial Geometry /Topology:        "!#  is typically large

"!# = 0



EPC constant !

Tight-Binding + Two-Center approximations

• Hopping between two atoms at !! + #"!and !# + #"" :

$(!! + #"! − !# − #"")

•  EPC in atomic basis ∼ ∇"$ !

Mitra (1969)

McMillan (1968)

*	 = 2.
$

%

/0 1#2 0
0 = 2

3	ℏ
DOS 8
⟨0#⟩ Γ

∼ average phonon line width

!! + #"!

!# + #""
$
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Dirac cones, and nearly saturates to the geometric con-
tribution according to analytical and numerical studies.
In MgB2, the band topology, which was not previously
fully discovered, is characterized the winding number of
the Dirac nodal lines Ref. [23] and a novel e↵ective Euler
number of the electron states near � or A points; the cor-
responding topological contribution is roughly 43% of the
geometric contribution according to the numerical calcu-
lation. Since MgB2 is a phonon-mediated superconductor
with Tc = 39K [24–26], our work on MgB2 suggests that
strong geometric properties or nontrivial topology of the
electron Bloch states may favor the high superconducting
Tc.

II. GAUSSIAN APPROXIMATION:
GEOMETRIC CONTRIBUTION TO �

The bulk EPC constant [15] � = 2
R1
0

d! ↵2F (!)

! is ob-
tained from the Eliashberg function [14] ↵2F . It can be

written as � = 2D(µ)
N

~h�i
~2h!2i where D(µ) is the single-

particle electron density of states at the chemical po-
tential µ, N is the number of lattice sites, and

⌦
!2

↵
is

the McMillan’s mean-squared phonon frequency. For a
multi-band electron system, we show (Appendix. B) that
the average phonon line width h�i (up to a factor of
D2(µ)) is the average of

�nm(k1,k2) (1)

=
~
2

X

⌧ ,i

1

m⌧
Tr

h
Pn(k1)F⌧ i(k1,k2)Pm(k2)F

†
⌧ i(k1,k2)

i
,

over the Fermi surfaces. k1 and k2 are the Bloch mo-
menta of electrons, ⌧ is the sub-lattice vector, m⌧ is the
mass of the ion at ⌧ , i labels the spatial directions of
the possible ion motions, and crucially Pn(k) is the pro-
jection matrix to the nth electron band. F⌧ i(k1,k2) in
Eq. (1) is the EPC matrix in the electron atomic basis
and the ion motion basis. As embedded in 3D space, the
ion cans move in 3D (i.e., i = x, y, z) regardless of the
sample dimensionality.

For time-reversal (TR) invariant systems with neg-
ligible Coulomb interaction, we show in Appendix. E 1
that the mean-field superconducting kBTc � 1.13✏ce�

1
�

is bounded from below by � regardless of the pairing func-
tion, as long as (i) the cuto↵ ✏c is much larger than the
temperature and (ii) the bands cut by the Fermi energy
are dispersive and heavily doped. If the Coulomb inter-
action is considerable, Tc of phonon-mediated supercon-
ductors still typically increases with increasing � [15, 16].
In the expression of �,

⌦
!2

↵
can be well approximated by

certain phonon frequencies (e.g., in graphene and MgB2),
and D(µ) only involves electrons. Thus the main infor-
mation of the EPC is in the average phonon line width
h�i. To study h�i, we adopt the two-center approxima-
tion [27] for the EPC: only the relative motions of two
ions matter for the EPC between the electric orbitals on

those two ions. As a result, the EPC matrix F⌧ i(k1,k2)
has the following form (Appendix. C):

F⌧ i(k1,k2) = �⌧fi(k2)� fi(k1)�⌧ , (2)

where �⌧ is a diagonal projection matrix with elements
being 1 only for the electron degrees of freedom (like or-
bitals) at ⌧ . BAB:vague. What is this projection
matrix into an ion fi(k) is the quantity we want to
determine (Appendix. C), whose deep physical origin is
missing in the literature.
We now show that fi(k) is intimately related to the

electronic Hamiltonian. To show this general relation,
we introduce the GA. As a concrete simple illustration,
we consider a 3D system with only one kind of atom
and one spinless s orbital per atom. (See generaliza-
tion in Appendix. F and Appendix.H.) We allow multi-
ple atoms per unit cell so that more than one electron
bands exist. Under the two-center approximation, the
non-interacting electron Hamiltonian and EPC Hamil-
tonian are directly given by the smooth hopping func-
tion t(r), which specifies the hopping between two s
orbitals separated by r. (JY: Sorry, I think the
expression of EPC in terms of t(r) was used before
us (like in Frohlich’s paper).) Explicitly, the elec-
tron matrix Hamiltonian reads [h(k)]⌧⌧ 0 =

P
R t(R +

⌧ � ⌧ 0)e�ik·(R+⌧�⌧ 0
) with R labelling the lattice vec-

tors, and the EPC fi(k) in Eq. (2) reads [fi(k)]⌧1⌧2
=P

R e�ik·(R+⌧1�⌧2) @rit(r)|r=R+⌧1�⌧2
. The GA as-

sumes the hopping function to have a Gaussian form:

t(r) = t0 exp[�
|r|2
2
] , where � < 0 is determined by the

standard deviation. Usual overlaps between orbital in
lattices do have exponentially decaying form; hence we
expect the GA to be a qualitatively and quantitatively
good description of the physics. Other powers of r in the
exponential are possible, and lead to generalized quan-
tum geometric quantities, but we focus on this approxi-
mation due to its simplicity. We later show it is exact in
the short-range-hopping or k · p models of graphene and
MgB2.
Crucially, the GA enables us to uncover a relation be-

tween the EPC fi(k) and the electron Hamiltonian h(k).
As @rit(r) = �rit(r), we Fourier transform to find a sim-
ple relation between EPC and the electron Hamiltonian

fi(k) = i�@kih(k) . (3)

With the spectral decomposition h(k) =
P

n En(k)Pn(k)
where En(k) is the nth electron band with projection op-
erator Pn(k), we can split the EPC fi(k) into the ener-
getic and geometric parts fi(k) = fE

i (k)+fgeo
i (k), where

fE
i (k) = i�

X

n

@kiEn(k)Pn(k)

fgeo
i (k) = i�

X

n

En(k)@kiPn(k) ,
(4)

fE
i (k) is the energetic part of the EPC since it vanishes if
electron bands are exactly flat. fgeo

i (k) is the geometric



A Novel Approximation

• One kind of atoms, one s-like orbital per atom

o Gaussian Approximation:

o EPC ∼ ∇!# $ = &	$	# $
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Where to find strong EPC?

• Majority microscopic studies on bulk EPC strength are mostly numerical/empirical.

• We find that for graphene and MgB2:

Nontrivial band geometry/topology may favor large EPC.

• Our final goal: General principle for (large) EPC based on band geometry/topology.

o Electron band geometry/topology have large contributions to EPC constant λ. 

o Geometric contribution "!"# ≥ topological	contribution	"$#%#
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the short-ranged nature of the hopping, and reproduce
our results.

We show that the geometric contributions to � are
bounded from below by the topological contributions in
both graphene and MgB2. In graphene, the topological
contribution arises from the known chirality of the Dirac
cones, and nearly saturates to the geometric contribu-
tion according to analytical and numerical studies. In
MgB2, the band topology, which was not previously fully
discovered, is characterized by the winding number of
the Dirac nodal lines Ref. [66] and a novel e↵ective Euler
number of the electron states near � point; the corre-
sponding topological contribution is roughly 43% of the
geometric contribution according to the numerical calcu-
lation. Since MgB2 is a phonon-mediated superconductor
with Tc = 39K [67–69], our work on MgB2 suggests that
strong geometric properties or nontrivial topology of the
electron Bloch states may favor the high superconducting
Tc.

II. GAUSSIAN APPROXIMATION:
GEOMETRIC CONTRIBUTION TO �

The bulk EPC constant [54] � = 2
R1
0

d! ↵
2
F (!)

!
is ob-

tained from the Eliashberg function [53] ↵2F . It can be

written as � = 2D(µ)

N

~h�i
~2h!2i where D(µ) is the single-

particle electron density of states at the chemical po-
tential µ, N is the number of lattice sites, and

⌦
!2

↵
is

the McMillan’s mean-squared phonon frequency. For a
multi-band electron system, we show (Appendix. B) that
the average phonon line width h�i (up to a factor of
D2(µ)) is the average of

�nm(k1,k2) (1)

=
~
2

X

⌧ ,i

1

m⌧
Tr

h
Pn(k1)F⌧ i(k1,k2)Pm(k2)F

†
⌧ i(k1,k2)

i
,

over the Fermi surfaces. k1 and k2 are the Bloch mo-
menta of electrons, ⌧ is the sub-lattice vector, m⌧ is the
mass of the ion at ⌧ , i labels the spatial directions of
the possible ion motions, and crucially Pn(k) is the pro-
jection matrix to the nth electron band. F⌧ i(k1,k2) in
Eq. (1) is the EPC matrix in the electron atomic basis
and the ion motion basis. As embedded in 3D space, the
ion can move in 3D (i.e., i = x, y, z) regardless of the
sample dimensionality.

For time-reversal (TR) invariant systems with neg-
ligible Coulomb interaction, we show in Appendix. E 1
that the mean-field superconducting kBTc � 1.13✏ce�

1
�

is bounded from below by � regardless of the pairing func-
tion, as long as (i) the cuto↵ ✏c is much larger than the
temperature and (ii) the bands cut by the Fermi energy
are dispersive with a large Fermi velocity. (We note that
the bound relies on the Migdal-Elishberg theory which
usually holds in the weak-coupling regime. The Migdal-
Elishberg theory is not necessarily reliable in the strong-
coupling regime [70–72].) If the Coulomb interaction

is considerable, Tc of phonon-mediated superconductors
still typically increases with increasing � [54, 55]. In the
expression of �,

⌦
!2

↵
can be well approximated by certain

phonon frequencies in many cases (e.g., in graphene and
MgB2), and D(µ) only involves electrons. Thus the main
information of the EPC is often in the average phonon
line width h�i. To study h�i, we adopt the two-center ap-
proximation [73] for the EPC: only the relative motions
of two ions matter for the EPC between the electronic
orbitals on those two ions. As a result, the EPC matrix
F⌧ i(k1,k2) has the following form (Appendix. C):

F⌧ i(k1,k2) = �⌧fi(k2)� fi(k1)�⌧ , (2)

where �⌧ is a diagonal projection matrix with elements
being 1 only for the electron degrees of freedom (like
orbitals) at ⌧ . fi(k) is the quantity we want to determine
(Appendix. C), whose deep physical origin is missing in
the literature.

We now show that fi(k) is intimately related to the
electronic Hamiltonian. To show this general relation,
we introduce the GA. As a concrete simple illustration,
we consider a 3D system with only one kind of atom
and one spinless s orbital per atom. (See generaliza-
tion in Appendix. F and Appendix.H.) We allow mul-
tiple atoms per unit cell so that more than one elec-
tron bands can exist. Under the two-center approx-
imation, the non-interacting electron Hamiltonian and
EPC Hamiltonian are directly given by the smooth hop-
ping function t(r), which specifies the hopping between
two s orbitals separated by r. Explicitly, the elec-
tron matrix Hamiltonian reads [h(k)]⌧⌧ 0 =

P
R t(R +

⌧ � ⌧ 0)e�ik·(R+⌧�⌧ 0
) with R labelling the lattice vec-

tors, and the EPC fi(k) in Eq. (2) reads [fi(k)]⌧1⌧2
=P

R e�ik·(R+⌧1�⌧2) @rit(r)|r=R+⌧1�⌧2
. The GA as-

sumes the hopping function to have a Gaussian form:

t(r) = t0 exp[�
|r|2
2
], where � < 0 is determined by the

standard deviation. Usual overlaps between orbital in
lattices do have exponentially decaying form; hence we
expect the GA to be a qualitatively and quantitatively
good description of the physics. Other powers of |r| in the
exponential are possible, and lead to generalized quan-
tum geometric quantities, but we focus on the GA due
to its simplicity. We later show it is exact in the short-
range-hopping or k · p models of graphene and MgB2.

Crucially, the GA enables us to uncover a relation be-
tween the EPC fi(k) and the electron Hamiltonian h(k).
As @rit(r) = �rit(r), we Fourier transform to find a sim-
ple relation between EPC and the electron Hamiltonian

fi(k) = i�@kih(k) . (3)

With the spectral decomposition h(k) =
P

n
En(k)Pn(k)

where En(k) is the nth electron band with projection op-
erator Pn(k), we can split the EPC fi(k) into the ener-



Graphene

• Electrons: Carbon atom, one 𝑝! orbital per atom, nearest-neighboring hopping
Review: Neto et al (2009)
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• EPC: Gaussian approximation ∇𝒓𝑡 𝒓 = 𝛾 𝒓 𝑡 𝒓 exact

radial angular

Combined with nearest-neighbor and symmetries (Thingstad, et al. (2020))
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Graphene

• ! = 	!! + !"#$

• !"#$ ≥ !%$&$

!!"# = A$
$%
%&&

ΔE' )
|∇&,(!())|

Tr[2(!())]	o  

!) = A$
$%
%&&	|∇&,(!())|o  

!*#+# = 5'A 6," + 6, '

∫$%%&& ∇&,(! ) /ΔE' )

: = −1	eV

for FS enclosing K and K’

o 2( ) -. = /
'Tr ?0#@( ) ?0$@( )  is the Fubini-Study metric (Provost, et al. (1980))

A = /
12%

3	5%
⟨7%⟩	9&

	: Material-dependent

ΔE ) : Energy difference between two bands

Christopher Ciccarino 
(Stanford)

Raffaello Bianco
(Institut Ruder 
Boškovic, DIPC)

Ion Errea
(University of the 

Basque Country, DIPC)

Prineha 
Narang
(UCLA)

Jiabin Yu
(Princeton)

!!"	$%$&$'

"/eV

Graphene

Roughly half of EPC comes from band geometry/topology!

!

Approximation is good.

!()'
!

"/eV

!()'
!&'*'

"/eV

Analytic:  +!"#+ → +$#%#
+ → ,

-  as " → 0



𝜆#$ %&%'%(

𝜇/eV

Graphene

Roughly half of EPC supported by band geometry/topology!

𝜆

Approximation is good.

𝜆)*(
𝜆

𝜇/eV

𝜆)*(
𝜆'(+(

𝜇/eV

Analytic:  
,$%&
, → ,'&(&

, → -
. as 𝜇 → 0

JY, Ciccarino, Bianco, Errea, Narang, Bernevig



MgB!: 3D Phonon-mediated Superconductor

Superconducting !! = 39K 

Bud’ko, et al. (2001), Hinks, et al. (2001)

Nagamatsu, et al. (2001) "/K

$/%

P6/mmm

EPC is strong!

B

Mg

Dominant phonons %&'
Kong, et al. (2001)
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𝜋
𝜎

• 𝜋−bonding: 𝑝/ of BKim et al. (2018)

Jin et al. (2019)

MgB!: Normal phase

Nodal lines carry winding numbers

• 𝜎-bonding: 𝑝0, 𝑝1 of B

𝜋
𝜎

𝑘

Effective Euler number

Δ𝒩 = 1

like graphene + 𝑘! dispersion

Obstructed atomic limit
Jiabin Yu, Ciccarino, Bianco, Errea, Narang, BAB

MgB! !-bonding: Band Topology
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Spectrum
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E/eV
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!!	and # in other systems (Fang et al, (2015), Zhao, et al. (2017), Ahn, et al. (2018), Ahn, et al. (2019), …)

&" = 1Band Inversion

From Mg, negligible
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Obstructed atomic limit
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MgB!: Geometric/Topological Contributions to EPC Constant
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o  ΔE 0 : gap at Γ of the '-bonding effective model o -∥ = (9E, 9F)

Orbital-selective Fubini-Study metric

FS+ phonon form factor



• !!"#
! ≈ 92% ,    !$#%#! ≈ 44% 

• !&,!"#
! ≈ 79%,    !&,$#%#! ≈ 40% 

(	mainly from band geometry of *-bonding

MgB!: Numerical Results

➢ Quantum Geometry Is Fundamental to EPC In Multiband Systems



Kagome SG 191:  LEGO building blocks,  soft flat phonons, CDW formation
Quantum Geometry In Electron-Phonon Coupling: MgB2, Graphene, and 
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El-Phonon Coupling Quantum Geometric Approximation in other Systems (David Mandrus Compound)

ScV6Sn6: Remarkable CDW

 X

➢Multiple phonons near                                         
soften as T lowered 

➢  phonon collapses at CDW Tc= 95 K (w mean-field) 

➢CDW appears at different wavevector         
(1st-order transition)

H = (1/3,1/3,1/2)

H

K̄ = (1/3,1/3,1/3)

Puzzle

• BS/orbitals very similar to MgFe6Ge6 BUT 
different electron number => Fermi level NOT at 
flat bands

Exp: arXiv: 2304.09173 (2023).   
        A. Korshonov, H. Hu, et al & B. A. B, S. Blanco-Canosa

Thy: arXiv: 2305.15469 (2023) 
        H. Hu, Y. Jiang, D. Calugaru, X. Feng, et al & B. A. B. 



Origin of soft phonon

 X

➢Electron-phonon coupling from new (Gaussian) approximation (explained soon)  
 Jiabin Yu, et al, arXiv: 2305.15469 (2023)  MgB2, Graphene

➢Quantum geometry: Wannier centers of mirror-even electron orbitals and  mirror-
even phonon orbitals are the same.

➢Strong ‘on-site’ coupling between two molecular orbitals with same Wannier center

➢Dominant electron-phonon coupling



Origin of soft phonon

 X

➢One-loop correction to the phonon propagators

➢The behavior of charge susceptibility of mirror-even electron orbital



Origin of soft phonon

 X

Low-T phonon = Non-interaction (high T) phonon + correction from electron-phonon coupling

High-T (non-interacting) phonon 
spectrum DFT

Low-T phonon spectrum from DFT and  analytic one-
loop calculation

Almost flat Weak in-plane dispersion from the one-loop correction
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