
Experimentally hunting topology

1

Chunyu (Mark) Guo, Carsten Putzke, Amelia Estry, P.J.W.M
Shengnan Zhang, Quansheng Wu, Oleg V. Yazyev 

Ecole Polytechnique Federale de Lausanne, Switzerland

Aris Alexandradinata
Department of Physics and Institute for Condensed Matter Theory,
University of Illinois at Urbana-Champaign

Kent Shirer, Maja Bachmann, Yan Sun, 
Feng-Ren Fan , Chandra Shekhar, Claudia Felser

Max-Planck-Institute for Chemical Physics of Solids, Dresden, Germany

Eric D. Bauer, Filip Ronning
Los Alamos National Laboratory, US

Hailin Peng
Center for Nanochemistry, Beijing National Laboratory for Molecular Sciences (BNLMS)

TMS 23 Philip J.W. Moll


[image: image1.png]







What macroscopic physical observables of materials
are significantly determined by topology, and how?

The “topology-o-meter”
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 Experimental materials discovery
Interacting electron systems

 Relevance for real-world applications
Does one need a synchrotron to distinguish
topological from trivial conductors?



Outline

 Magnetic anomaly in the quantum limit

of topological semi-metals

 Phase sensitive detection

 Temperature-dependent quantum oscillations
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LaRhIn5: complex metal & Dirac candidate
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La

Rh

In

H. Shishido et al., JPSJ 71, 162 (2002)



A small frequency dominates quantum oscillations
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quantum limit (F=7T)

F=7T
10-4 of BZ

Magnetic response of LaRhIn5 is 
completely dominated by 7T pocket, 0.1% of carriers!

R.G. Goodrich et al., PRL 89, 026401 (2002)



A small frequency dominates quantum oscillations
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R.G. Goodrich et al., PRL 89, 026401 (2002)

Magnetization only comes from this!

Magnetic response of LaRhIn5 is 
completely dominated by 7T pocket, 0.1% of carriers!



This sounds odd
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G.P. Mikitik and Yu. V. Sharlai, PRL 93, 026401 (2004)

E

k\\B

B=0

µ

𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ
𝑒𝑒𝑒𝑒
𝑚𝑚 𝑛𝑛 +

1
2 +

ℏ2

2𝑚𝑚 𝑘𝑘𝑧𝑧2

Landau levels (B>0)

µ

n=0 1 2 …

Topologically trivial electrons (Schrödinger)
Ultraquantum limit
(B>B0)

µ

µ constant
(it’s a metal!)

All LL empty!

How can completely empty states dominate the magnetization from 10-30T?
They cant!



Well ahead of time!
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G.P. Mikitik and Yu. V. Sharlai, PRL 93, 026401 (2004)

Dirac nodal line



Strong evidence for Dirac Fermions
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G.P. Mikitik and Yu. V. Sharlai, PRL 93, 026401 (2004)
A. Alexandradinata et al., PRX 8, 011027 (2018)

Quantitative 
Dirac prediction

The magnetization of LaRhIn5 is dominated by a small pocket of Dirac fermions.

For the aficionado/a: Healthy and friendly dispute on matters arising:
Nat. Comm. 14:2061 (2023) vs Nat. Comm. 14:2060 (2023)



Landau quantization of Dirac / Weyl systems
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Relativistic electrons

n=0

n=1

n=-1

𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ𝑣𝑣𝐹𝐹 2𝐵𝐵𝐵𝐵 + 𝑘𝑘𝑧𝑧2

k\\B

𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ
𝑒𝑒𝑒𝑒
𝑚𝑚

𝑛𝑛 +
1
2

+
ℏ2

2𝑚𝑚
𝑘𝑘𝑧𝑧2

Trivial electrons

EF
EF
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Topological signatures in the quantum limit

11

Relativistic electrons

n=0

𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ𝑣𝑣𝐹𝐹 2𝐵𝐵𝐵𝐵 + 𝑘𝑘𝑧𝑧2

k\\B

Trivial electrons

EF EF

𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ
𝑒𝑒𝑒𝑒
𝑚𝑚

𝑛𝑛 +
1
2

+
ℏ2

2𝑚𝑚
𝑘𝑘𝑧𝑧2
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Magnetization in the QL signals Weyl/Dirac
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Relativistic electrons Trivial electrons

𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ
𝑒𝑒𝑒𝑒
𝑚𝑚

𝑛𝑛 +
1
2

+
ℏ2

2𝑚𝑚
𝑘𝑘𝑧𝑧2𝜀𝜀𝑛𝑛,𝑘𝑘 = ℏ𝑣𝑣𝐹𝐹 2𝐵𝐵𝐵𝐵 + 𝑘𝑘𝑧𝑧2

𝑀𝑀~
𝜕𝜕𝜀𝜀0,𝑘𝑘

𝜕𝜕B
= 0 𝑀𝑀~

𝜕𝜕𝜀𝜀0,𝑘𝑘

𝜕𝜕B
≠ 0

Magnetization shows distinct signature
of Weyl/Dirac fermions in the quantum limit
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𝑀𝑀 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

→ diamagnetic
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Hongming Weng et al., PRX 5, 01129 (2015)

 Non-centrosymmetric Weyl semi-metal
 Both trivial & topological FS sheets
 24 Weyl nodes (crystal symmetry copies)

Su-Yang Xu et al., Nat.Phys.11, 748 (2015)

Finding the Weyl fermions in NbAs

NbAs
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Topological torque anomaly at the quantum limit
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QL
TMS 23 Philip J.W. Moll

PJWM et al., Nat. Comm 7:12492 (2017)



Torque anomaly tracks the quantum limit angle
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Measure torque anomaly
at different field angles

Track quantum limit
through quantum oscillations

Torque anomaly tracks the
quantum limit at all angles
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Topological torque anomaly at the quantum limit
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Berry paramagnetism

Sign change of torque
 Sign change of M

𝜏𝜏 = 𝑀𝑀 × 𝐻𝐻



Anomalous magnetization when Weyl / Dirac pockets
reach the quantum limit. This dominates the magnetism, 
even when large, high density bands coexist that never
reach their quantum limit.
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Outline

 Magnetic anomaly in the quantum limit

of topological semi-metals

 Phase sensitive detection

 Temperature-dependent quantum oscillations
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



Quantum Electrons in a magnetic field
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𝒙𝒙 0 = 𝒙𝒙(𝑇𝑇)

Closed classical trajectory in real space

Bohr-Sommerfeld quantization: ℏ−1 ∮𝒑𝒑 𝑑𝑑𝒓𝒓 = 2𝜋𝜋 𝑛𝑛 + 𝛾𝛾

𝑩𝑩 = ∇ × 𝑨𝑨 𝒑𝒑 → 𝒑𝒑 − 𝑒𝑒𝑨𝑨

Φ

Every flux quantum Φ0 adds 2𝜋𝜋 to the phase. 
But how about the phase offset 𝛾𝛾?



Interferometric detection of Berry phase
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Electron on a Fermi surface orbiting a topological defect
is a direct probe of the Berry phase.
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1. Other corrections to phase beside Berry (~ℏ)

2. Ill-defined problem due to degeneracies

Dirac semi-metal Cd3As2 : «anomalous» quantum oscillation phase

L.P. He et al., PRL 113, 246402 (2014)

Many grains of salt
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𝜋𝜋 + 𝜙𝜙𝐵𝐵 + 𝜙𝜙𝑅𝑅 + 𝜙𝜙𝑍𝑍
Maslov

Berry

Rotation

Zeeman

𝜙𝜙𝑅𝑅
M.-C. Chang, Q. Niu, 
PRB 53, 7010 (1996)

G.P. Mikitik, Yu.V. Sharlai,
PRL 82, 2147 (1999)

J.B. Keller, 
Ann. Phys. (N.Y.) 4, 180 (1958)

𝜙𝜙𝑍𝑍

J.N. Fuchs et al., Eur. Phys. J. B 77, 351 (2010)
A. Alexandridanata et al., PRX 8, 011027 (2018)

B



Spin zero
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𝑀𝑀𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑀𝑀3𝐷𝐷 𝑅𝑅𝐿𝐿𝐿𝐿 sin 2𝜋𝜋
𝐹𝐹
𝐵𝐵
− 𝛾𝛾 𝑅𝑅𝐿𝐿𝐿𝐿 = 𝑅𝑅𝐷𝐷 𝑅𝑅𝑇𝑇 𝑅𝑅𝑆𝑆

𝑅𝑅𝐷𝐷 = exp −𝛼𝛼
𝑚𝑚∗𝑇𝑇𝐷𝐷
𝑚𝑚𝑒𝑒𝐵𝐵

𝛼𝛼 =
2𝜋𝜋2𝑚𝑚𝑒𝑒𝑘𝑘𝐵𝐵

𝑒𝑒𝑒 ~14.9 𝑇𝑇/𝐾𝐾

𝑇𝑇𝐷𝐷 = ℏ
𝜏𝜏𝑘𝑘𝐵𝐵

: Dingle temperature

Dingle damping
Finite lifetime
from scattering

𝑅𝑅𝑇𝑇 = 𝑋𝑋/sinh(𝑋𝑋)

𝑋𝑋 = 2𝜋𝜋2
𝑚𝑚∗

𝑚𝑚𝑒𝑒

𝑘𝑘𝐵𝐵𝑇𝑇
ℏ𝜔𝜔𝑐𝑐

Thermal damping
Fermi-Dirac broadening

Spin damping
Interference of spin
up/down Fermi surfaces

𝑅𝑅𝑆𝑆 = cos
𝜋𝜋𝜋𝜋𝑚𝑚∗

2𝑚𝑚𝑒𝑒



Spin zero
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Spin damping
Interference of spin
up/down Fermi surfaces

𝑅𝑅𝑆𝑆 = cos
𝜋𝜋𝜋𝜋𝑚𝑚∗

2𝑚𝑚𝑒𝑒

 Famous suppression of QO: spin zero

 dangerous: sign change (= 𝜋𝜋 phase!)

 Beware of circular arguments!
DFT g-factor phase analysis confirm DFT

𝑀𝑀𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑀𝑀3𝐷𝐷 𝑅𝑅𝐿𝐿𝐿𝐿 sin 2𝜋𝜋
𝐹𝐹
𝐵𝐵
− 𝛾𝛾 𝑅𝑅𝐿𝐿𝐿𝐿 = 𝑅𝑅𝐷𝐷 𝑅𝑅𝑇𝑇 𝑅𝑅𝑆𝑆
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𝜋𝜋 + 𝜙𝜙𝐵𝐵 + 𝜙𝜙𝑅𝑅 + 𝜙𝜙𝑍𝑍
Maslov

Berry

Rotation

Zeeman

𝜙𝜙𝑅𝑅
M.-C. Chang, Q. Niu, 
PRB 53, 7010 (1996)

G.P. Mikitik, Yu.V. Sharlai,
PRL 82, 2147 (1999)

J.B. Keller, 
Ann. Phys. (N.Y.) 4, 180 (1958)

𝜙𝜙𝑍𝑍

J.N. Fuchs et al., Eur. Phys. J. B 77, 351 (2010)
A. Alexandridanata et al., PRX 8, 011027 
(2018)

𝜆𝜆
All corrections to phase:

B

Spin interference

Closeby bands

Topology



Key point 2: Degeneracies
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A. Alexandridanata et al., PRX 8, 011027 (2018)

kx

ky

kz

𝜓𝜓1 𝑘𝑘 ,𝜓𝜓2 𝑘𝑘 , … ,𝜓𝜓𝐷𝐷 𝑘𝑘
Each state on orbit D-fold degenerate in k-space (a=1..D)
e.g. D=2: spin-degenerate orbit

DP

B

DP

Crystal-symmetry related
copies of Fermi surfaces

Symmetry of the crystal
≠

Symmetry of the orbit!

𝜆𝜆𝑎𝑎𝑖𝑖
ith orbit
ath wavefunction
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Too many degrees of freedom!
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Δ𝑀𝑀 ~ sin 𝐹𝐹
𝐵𝐵

+ 𝜆𝜆1 + sin 𝐹𝐹
𝐵𝐵

+ 𝜆𝜆2 + sin 𝐹𝐹
𝐵𝐵

+ 𝜆𝜆3 + sin 𝐹𝐹
𝐵𝐵

+ 𝜆𝜆4 +...

Each orbit contributes an oscillatory component at same frequency...
... but a priori different phase!

= sin
𝐹𝐹
𝐵𝐵 + Θ

Theory

Experiment
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Crystal symmetry reduces degrees of freedom

TMS 23 Philip J.W. Moll

ky

kz

i=1

i=2

Time reversal?Preserves sign?

3D DSM Cd3As2: zero-sum rule for each orbit: 𝜆𝜆1𝑖𝑖 + 𝜆𝜆2𝑖𝑖 = 0

A. Alexandridanata et al., PRX 8, 011027 (2018)
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Crystal symmetry reduces degrees of freedom
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Θ = 𝜋𝜋 1 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 cos 𝜆𝜆1 /2

In the 3D DSM, both π and 0 are possible experimental phases.

Θ = 0

Θ = 𝜋𝜋

Experimental phase

/2



The phase is always a problem
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Bi is a topologically trivial semi-metal, 
yet shows a quantum oscillation phase of 𝜋𝜋!

A. Alexandradinata et al., PRX 8, 011027 (2018)

Quantum oscillation phase analyses are DANGEROUS!



Outline

 Magnetic anomaly in the quantum limit

of topological semi-metals

 Phase sensitive detection

 Temperature-dependent quantum oscillations
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

x



The effective mass of Dirac Fermions is energy dependent
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B

𝐸𝐸 = 𝐸𝐸𝐹𝐹

𝐸𝐸 = 𝐸𝐸𝐹𝐹 + 𝛿𝛿𝛿𝛿

𝛿𝛿𝛿𝛿

Cyclotron mass: 𝑚𝑚𝑐𝑐 = ℏ2

2𝜋𝜋
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝐴𝐴 = 𝜋𝜋𝑘𝑘𝐹𝐹2 → 𝑘𝑘𝐹𝐹 =
𝐴𝐴
𝜋𝜋

1/2

Schrödinger Electrons

𝐸𝐸 =
ℏ2𝑘𝑘𝐹𝐹2

2𝑚𝑚∗ =
ℏ2𝐴𝐴

2𝑚𝑚∗𝜋𝜋 → 𝐴𝐴 =
2𝑚𝑚∗𝜋𝜋
ℏ2 𝐸𝐸 → 𝑚𝑚𝑐𝑐 = 𝑚𝑚∗

Dirac Electrons

𝐸𝐸 = ℏ𝑣𝑣𝐹𝐹𝑘𝑘𝐹𝐹 = ℏ𝑣𝑣𝐹𝐹
𝐴𝐴
𝜋𝜋

1/2

→

𝐴𝐴 = 𝜋𝜋
𝐸𝐸
ℏ𝑣𝑣𝐹𝐹

2

→ 𝑚𝑚𝑐𝑐 =
ℏ
𝑣𝑣𝐹𝐹
𝐸𝐸

A



Temperature-dependent quantum oscillation frequency

TMS 23 Philip J.W. Moll 33

kBT

Temperature damping

𝑅𝑅𝑇𝑇 =
𝑋𝑋

sinh 𝑋𝑋
;𝑋𝑋 =

2𝜋𝜋2𝑘𝑘𝐵𝐵𝑇𝑇𝑚𝑚∗

𝑒𝑒𝑒𝑒

Quantum oscillations of 
lighter electrons 
are less dampened.

C. Guo, A. Alexandradinata et al., Nat. Comm. 12:6213 (2021)

Effective oscillation frequency is 
reduced as temperature is increased.



Dirac metals vs Dirac semi-metals
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Isolated small pocketsPockets coexist with large FS

“𝜇𝜇 constant”

Δ𝐹𝐹 = Δ𝐹𝐹𝑡𝑡𝑡𝑡𝑡𝑡

n constant

Δ𝐹𝐹 = Δ𝐹𝐹𝑡𝑡𝑡𝑡𝑡𝑡+ Δ𝐹𝐹𝑠𝑠



Benchmark the theory

TMS 23 Philip J.W. Moll 35



Be aware of Landau fans in topological semi-metals
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Bi2O2Se is a trivial semi-conductor!

Sign change is entirely due to
SOC in Bi.



Universal behavior of topological fermions
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Isolated small pockets

Pockets coexist with large FS

Great tool to fingerprint topological defects with quantum oscillations.



Outline

 Magnetic anomaly in the quantum limit

of topological semi-metals

 Phase sensitive detection

 Temperature-dependent quantum oscillations
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

~
x

Some refs: Temperature dependent quantum oscillations – C. Guo, A. Alexandradinata et al., Nat. 
Comm. 12:6213 (2021), F. Yang et al., PRB 108, 035137 (2023); Phase determination in top. Systems -
J.N. Fuchs et al., Eur. Phys. J. B 77, 351 (2010), A. Alexandridanata et al., PRX 8, 011027 (2018); Berry 
phase in LaRhIn5 - G.P. Mikitik and Yu. V. Sharlai, PRL 93, 026401 (2004), Nat. Comm. 14:2061 (2023), C. 
Guo et al., Nat. Comm. 14:2060 (2023); Magnetic anomaly in quantum limit - R.G. Goodrich et al., PRL 
89, 026401 (2002), PJWM et al., Nat. Comm 7:12492 (2017)
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