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Outline

e Wannier functions for occupied subspace
— Electric polarization
—Topological obstruction
e Wannier functions as a basis
—Wannier interpolation
e Orbital magnetoelectric coupling
— Axion electrodynamics
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Construction of LMOs

Given a set of occupied states |¥,) , n= {1,N}
Find unitary transformation to I¢;) , /= {1,NV}

0) = > Unj |thn)

n
such that the |#;) are maximally localized.
Foster-Boys criterion: Minimize

0= [(@5lr1e;) = 1(o;lrles)[’]

wk (x)

Apply Foster-Boys criterion for crystalline solids? #\J\ \/\ N /}

Problem: (y,, Ixly,. ) and (y,, [x’ly,, ) are ill defined!

RUTGERS QMS23, August 21-25, 2023




Maximally localized Wannier functions
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Maximally localized Wannier functions

H eigenstates (Bloch
o~ €9 ( )

I 4 |¢Jk Z Un] |¢nk

Pseudo—B_Ioch " ~— Variable unitary matrices
(smooth in k)

V —ik- ~
4 ‘wR,n> — (27‘_)3/ d?)ke k-R ‘wnk>
Wannier functions BZ
(LMQO's)

Wannler fun_ctlons - ‘wn> — ‘w07n>
in home unit cell

Minimize Q=) [(wp|r?|lw,) — [(wp|r|w,)]?]
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Bloch states

Bloch wavefunction

Wi(x)
g il
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R ——

-10 eV

Ingredient:
> k Atomic
< > wavefunction
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Tutorial on Wannier functions

Choose Wannier functions as

w,(r—R) = / Ui (r) e * R dk
BZ

Form wave-packet = “Wannier function”
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Tutorial on Wannier functions

Crystal in real space:
D7 SAZSAZ R ZAZRAZ IS
| ‘V/ ‘V// ‘V// ‘V// ‘V// ‘V// |

Brillouin zone in reciprocal space:

N

—nt/a 0 P n/a
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Tutorial on Wannier functions

Crystal in real space:
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Brillouin zone in reci;]r‘ocal space:
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Tutorial on Wannier functions

Crystal in real space:

™~

N

Brillouin zone %\eciprocal%ace:

\\wR(r) = 3 () e R dk

Unitary | \/ wo(r) = Zwk(r) dk
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Four occupied bands

Four occupied bands

Expect four WFs per cell

4112,
66
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Multiband Wannier construction

H eigenstates (Bloch
o~ €9 ( )

I 4 |¢Jk Z Un] |¢nk

Pseudo—B_Ioch " ~— Variable unitary matrices
(smooth in k)

V —ik- ~
4 ‘wR,n> — (27‘_)3/ d?)ke k-R ‘wnk>
Wannier functions BZ
(LMQO's)

Wannler fun_ctlons - ‘wn> — ‘w07n>
in home unit cell

Minimize Q=) [(wp|r?|lw,) — [(wp|r|w,)]?]
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Minimize spread relative to center

Choose unitary matrices to minimize quadratic
spread

n

where

n = {wn|r|wy,) .
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Wannier functions: Si

QMS23, August 21-25, 2023




Wannier functions: GaAs
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WFs in SrTiO;
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Mapping to Wannier centers
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Mapping to Wannier centers

a
FGEEEEEEESS
— - —.
. Wannier center
N . of band 1

(charge -2e)
a — —

Wannier center

Y=+ = + - of band 2
_\ _ (charge -2e)
Electric polarization P
Location of ion of the crystal can be
(nucleus) deduced from

(charge +4e) pictures like this
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Outline

e Wannier functions for occupied subspace
— Electric polarization
—Topological obstruction
e Wannier functions as a basis
—Wannier interpolation
e Orbital magnetoelectric coupling
— Axion electrodynamics
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The Problem: Polarization
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Textbook illustration More realistic picture
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P = dce// / |/ce// [
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P = dce// / |/ce// [

@ de) = lcer 1 (1) d3r
@ dce// ~ 0
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P = dce// / |/ce// [

d. = Icell rp(r) d3r
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P = dce// / |/ce// [

d. = Icell rp(r) d3r
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Review: Bloch’s Theorem

Define the cell-periodic Bloch function u(x):
ug(z) = e~ ()
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Theory of electric polarization

P OCan<Wnk‘r‘ Wnk> ? Tll-defined...

Recall that in quantum mechanics

so it is plausible that

I‘ﬁ/Vk

Poc 2 (Wl Vil wip ?
But also ill-defined

P oc X0 Ul IVielUppp 7 Yes!
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Theory of electric polarization

Resta, 1992:
AP — / (Q) dt
dt

King-Smith and Vanderbilt, 1993:

AP =P (t;) — P(ty) where

P — L€ 1,3;) v \
— (27_)3 Z Jer a4 K <U'n/\" "k ‘u'n/f,)

4112,
1766 <2
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Simplify: 1 band, 1D

—€

P—— dk
. (i g [ue)
- . d d
Heuristically, = < i—  (Compare p < —zf—)
dk dzx

P = —ei where ¢ =1 7{ dk (uy| & |uy)
2T C |

What is this?
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Simplify: 1 band, 1D

e Reciprocal space is really periodic
e Brillouin zone can be regarded as a loop

]
E E
/6:;
—n/a = 0 = P n/a T k

N
N
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Simplify: 1 band, 1D

—€

P = o /. dk (uk\z =)
- . d d
Heuristically, = < i—  (Compare p < —zf—)
dk dx
D
¢ T
P=—e— where ¢:ij14dk (ue| §; )
2T C |
. C
This is a Berry phase!
-
K
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Relation to Wannier functions

Centers of Wannier functions:

V
) = Gy, 2 0
4 1k-r
— o /B ke fuyg
4 . tker
r|wo>:(27T)3 /Bzdk( — iV e™ ™) luk)

=1

(2‘;)3 LZ dk <uk| Vk |’U,k>

(wo |1 | wo) =i
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Berry phases <> Wannier centers

Centers of Wannier functions:

 s0 el\so o

Lattice
of
Wannier
centers

(Wnlz|wn) = (wnl|z|wn) nk"%mnk) dk
a
(Wnlz|wn) = %‘bn
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Polarization «» Wannier centers

Centers of Wannier functions:

@ © @'),[Gx/@"@ @

_

p
2'6_' 3 , \
P — S Z d°k (Unk| Vi |Unk)
(2m)° <~ Jpz

as before !!
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Polarization «» Wannier centers

Centers of Wannier functions:

@ © @'),[Gx/@"@ @
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2'6_' 3 , \
P — S Z d°k (Unk| Vi |Unk)
(2m)° <~ Jpz

as before !!
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Reprise: Quantum anomalous Hall

27 /b
(by(kx) — /0 dky AyU%a ky)
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Reprise: Quantum anomalous Hall

Current K,
A sl ]
Wannier | ° t 1 _
Center 6t |att|ce
position _ o | VECLOr
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Outline

e Wannier functions for occupied subspace
— Electric polarization
—Topological obstruction
e Wannier functions as a basis
—Wannier interpolation
e Orbital magnetoelectric coupling
— Axion electrodynamics
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Maximally localized Wannier functions

H eigenstates (Bloch
o~ €9 ( )

I 4 |¢Jk Z Un] |¢nk

Pseudo—B_Ioch " ~— Variable unitary matrices
(smooth in k)

V —ik- ~
4 ‘wR,n> — (27‘_)3/ d?)ke k-R ‘wnk>
Wannier functions BZ
(LMQO's)

Wannler fun_ctlons - ‘wn> — ‘w07n>
in home unit cell

Minimize Q=) [(wp|r?|lw,) — [(wp|r|w,)]?]
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Maximally localized Wannier functions

H eigenstates (Bloch
o~ €9 ( )

7 |¢]k Z Un] |¢nk

Pseudo-Bloch R For topological states, it may be
(smooth in k) impossible to choose such unitary
matrices

) = dgk —ik-R Nn
7 ‘wR, > (27_‘_)3 /BZ € W k>

Wannier functions
(LMQO's)

Wannler fun_ctlons - ‘wn> — ‘w07n>
in home unit cell

Minimize Q=) [(wp|r?|lw,) — [(wp|r|w,)]?]
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Example: 2D QAH insulator

Berry potential (“gauge field”) A(K) = (U|iVi| V)

A(k) smooth and continuous A(k) has vortex in interior

\\ & \\ &

> >
Boundary Berry phase = 2=n Boundary Berry phase = 0
Not a periodic gauge Not a smooth gauge
Cannot construct WFS Cannot construct WFs
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Topological obstruction

Conclusion

e Exponentially localized Wannier functions do not exist
for QAH insulator

Other examples

e For TR-invariant strong topological insulator (e.g.,
Bi,Se;), it is not possible to choose WFs in a way that

respects TR symmetry

e For crystalline topological insulators, it is not possible
to choose WFs that respect the crystalline
symmetries
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Outline

e Wannier functions for occupied subspace
— Electric polarization
—Topological obstruction

e Wannier functions as a basis
—Wannier interpolation

e Orbital magnetoelectric coupling
— Axion electrodynamics
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Wannier disentangling

Band structure of Bi2Se3 w/o SOC

Outer window

A

Topological
gap

Energy(eV)
o

WA (AT

Trivial
gap -8

Inner window

|
WA

sl
N
ss
=
c
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Wannier disentangling

Band structure of Bi2Se3 w/o SOC

—
Z F T L

From WannierTools Documentation

— DFT
Wannier

Manifold

QEF described by

30 WFs
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Wannier interpolation

« Setup N x N x N supercell
« Compute
<W0n H|WRm>
<W0n X WRm>
<W0n Yy WRm>
<W0n V4 WRm>
Up to some radius rg;, ree < Na/2
Solve this “tight binding” model
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Wannier interpolation

30

—~ 20
>
L
>
o 2
B
o
(D)
$—
E =
>
5
[}
m

r H P N r

FIG. 26. Band structure of ferromagnetic bcc Fe with spin-orbit
coupling included. Solid lines: Original band structure from a
conventional first-principles calculation. Dotted lines: Wannier-
interpolated band structure. The zero of energy is the Fermi level.
From Wang et al., 2006.
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Outline

e Wannier functions for occupied subspace
— Electric polarization
—Topological obstruction

e Wannier functions as a basis
—Wannier interpolation Dropped for time

. -Orbitad toelects 1
—Axion electrodynamics
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Theory of magnetoelectric axion angle 6

“geometrical” = "“axion” = "“Chern-Simons” piece
e’ 0 \
Qij = 5 o 8 (E°Bterm in Lagrangian)
70

1 2 21
0 = — — / d’k e potr | AgOp A, — — A, AVA,
47 3

Berry connection Aa,nm — (unk|8a|umk>

Qi, Hughes and Zhang, PRB 78, 195424 (2008)
Essin, Moore and Vanderbilt, PRL 120, 146805 (2009)
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Axion electrodynamics

Maxwell equations:

V. E =47 (pi+py) o=
Jb:VXM,
V-B=0 oF
1 0B JPZE
VXE=———
c ot
47T 1 0&
VxB=— |J+Jo+Jp )|+ -
c ¢ ot
Separate out P=P+aB,
magnetoelectric part: M=M,+a&
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Axion electrodynamics

Maxwell equations:

~ ppb = —V - Py
V€ =4 (pr+ o — (Vo) - B) " °
jb:VXMO
V-B=0 i
1 OB Jp = Py /0t
VXxE&E=———
c 0t
47 ~ ~ oo 1 0
VxB=— (Ji+Jh+Ip+c(Va) xE+ —B |+ - —
C 0t c 0t
Separate out P=P)+aB,
magnetoelectric part: M=M,+a&

RUTGERS QMS23, August 21-25, 2023




Axion electrodynamics

Maxwell equations:

— _V.P
v-g=47'[(,0f—|—,5b—(VOl)-B) I~Ob ’
Jb =V x My
V . B — O \ _
In absence of B J, = 0Py /0t
1 0B P |
VXE=—— / \
c ot
47 o 1 0E
VxB=— (J+Jh+J,+c(Va) x E+ —B )+ - —
C ot c Ot
e’ Only spatial and time derivatives
a(r, 1) = 500 of 6 enter field equations !
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Axion electrodynamics

Equations of motion of fields

2
. e
V-E=4x (ps+ pp — (Va) - B) a(r,t) = o(r, 1)
2mhe
V-B=0
1 0B
VXE=———
c 0t
47 ~ 1o} 1 0&
VxB=— Ji+hh+Jp+tc(Va) xE+ —B |+ - —
C ot c 0t

Equations of motion of electrons

e e e
1+ —B-)r= —E XL+ — -2)B,
(+hc )r Vg—l—h X —I—hc(vg )

2

e . e e e
1+ B.@)k=-e- v, xB- 2 (€ B)Q.
(+hc ) PR A R A e
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Summary

e Wannier functions for occupied subspace
— Electric polarization
—Topological obstruction
e Wannier functions as a basis
—Wannier interpolation
e Orbital magnetoelectric coupling
— Axion electrodynamics
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