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The story for molecules and atoms

Power,

Zienau,

Wooley,
Thirunamachandran,
Healy...

D.P. Craig and T. Thirunamachandran,
‘“Molecular quantum electrodynamics,” Academic Press
W.P. Healy,
‘Nonrelativistic guantum electrodynamics,” Academic Press
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s(x;y, R) = dzd(x — z)

line from R to y
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electric dipole moment
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generalized Peierls phase
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Wilson line integral
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{WQR(m)eiQD(m,R;t) }

not mutually orthogonal
for the different R
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adjust them
so they are

1 d

(@, t) =) aar(t)War(z,t)
o, R R
{aar(),alp (1)} = Sapdrm

I. Mayer, Int. J. Quantum Chem. 90, 63 (2002)
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Independent particle approximation
..a Sketch of the guts of the calculation

field operator expansion
¢(€Ba t) — Z aozR(t>WozR(w7 t)
o, R

effective density operator

nozR;ﬁR' (t) — eiCID(R Rit) <CLER, (t>aaR(t)>
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field operator expansion

P(@,t) =) aar(t)War(z,t)
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effective density operator
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dynamical equations
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effective density operator
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. . — magnetic effects
dynamical equations
magnetic and electric effects
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Independent particle approximation
..a Sketch of the guts of the calculation

field operator expansion

P(@,t) =) aar(t)War(z,t)

o, R

effective density operator

nozR;ﬂR' (t) — eiCID(R Rit) <CLER, (t>aaR(t)>

. . — magnetic effects
dynamical equations
magnetic and electric effects

. 6T,Oél:t ﬁR’ iA AR
1h — Z (R,R",R";t) (HaR )\R//( )TD\R”;BR, (t) — naR;)\R” (t)HAR”;,BR' (t))
AR (

— eQp (R t)Nar.sR (1)

electric effects

only dependent on electromagnetic fields, not potentials
valid for arbitrary e(y,t)and b(y,t)



Independent particle approximation
..a Sketch of the guts of the calculation

Green function for' site R
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Site charge and current densities
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RI
introduce R
pr(x,t) mpg(x,t)
/introduce a "free” as for an atom
charge densify
Pfree w t Z QR dQ R
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and a link current density

1
J free(@:t) = 5 Y s(x; R, R)I(R,R';t)
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Qr (1)
site charge and

current densities l
__ Qr(?)
3D
Cinie)
RI
introduce R
pR(mat) mR(m7t)
/introduce a "free” as for an atom
charge densit
9 4 and a new
pfree x, t Z QR contribution
Am/R (33, t)
and a link current density to each site magnetization

jfree(wat) mR<m7t) :mR<m7t) +%R(m7t)



microscopic fields
,O(CIZ,t) = -V 'p<w7t> T pr€€<wvt>

op(zx,t)
ot
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insulator in
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j(z,t) = pg:, >+cv X m(z,t) @ linear response
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insulator in
0 t ‘
j(z,t) = pg’;’ ) +¢cV x m(x,t) @ linear response
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microscopic fields

pla,t) = -V p(z,t) / — Vaﬂ;,.fl/.:”g?ra

insulator in
Op(x,t '
j(z,t) = pg:, >+cv X m(z,t) @ linear response

p(w, t) — ZpR(wv t)
R

m(x,t) = Z mpg(x,t)

mpg(x,t) = mg(x,t) + mg(x,t)

For the ground state,
the integrals of these T :\5 7_2
divided by the volume "atomic” e
of the unit cell yield zati Tinerant
4 maghetization magnetization
of the modern

of the modern

theory theory



Generalized lattice gauge theory



p(CL‘,t) = -V p(a:,t) T pf?"ee<wat)

op(zx,t)
ot

J(wvt) — + ¢V X m<w7t) —|_jf7“ee<w7t)

Generalized lattice gauge theory

arbitrary variation of vector
and scalar potentials between
sites




p(CL‘,t) = -V p(a:,t) T pf?"ee<wat)

op(zx,t)
ot

J(wvt) — + ¢V X m<w7t) —|_jf7“ee<w7t)

Generalized lattice gauge theory

— /10PPing matrix elements involve
a set of states at each site




p(CL‘,t) = -V p(a:,t) T pf?"ee<wat)

op(zx,t)
ot

J(wvt) — + ¢V X m<w7t) —|_jf7“ee<w7t)

Generalized lattice gauge theory

— /10PPing matrix elements connect
each site to (in principle) every
other site




p(:l),t) = -V p(a:,t) T pfree<wat)

op(zx,t)
ot

jlx,t) = +cV xm(x,t) + J fpee(, 1)

Generalized lattice gauge theory

— /Nafrix elements are time dependent
but gauge independent’ involves
dynamics at each site as well as between
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Linear response

E(z,t) — E(t)
‘Long wavelength” limit:

B(x,t) — 0
dP(t
Jfree ( )
S PJ in general both will contribute
_ azj
In general: gauge dependent
J(w) = J free(w) — iwP(w) general

z approach
gauge independent

calculate results in Wannier basis,
then convert to Bloch state basis



Linear response

‘Long wavelength” limit:

E(z,t) — E(t)

B(x,t) — 0

dP(t
Jfree ( )

S {.J in general both will contribute
— O J

Insulator )

)

B s

Phys. Rev. B99, 235140 (2019)



Linear response

‘Long wavelength” limit:

E(z,t) — E(t)

B(x,t) — 0

dP(t
Jfree ( )

S {.J in general both will contribute
_ Uzj

Insulator
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] I
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2 2 T B B
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Linear response

‘Long wavelength” limit:

E(z,t) — E(t)

B(x,t) — 0

dP(t
Jfree ( )

S /J in general both will contribute
_ Uzj

Insulator
y e? dk  frnwnm (En&m + Enhm)
i] I
o) =y Z,:n/ (2m)? <wzm—w2>
2 2 Y Y B
h 2] @n)p (W2, — o)
dk o] tized /
I _ YSmm quantized anomalous
wlg%)a " h Z / ( Okﬂ ok* ) Hall current

from "“free current”
Phys. Rev. B99, 235140 (2019)



Linear response

‘Long wavelength” limit:

E(x,t) — E(t)
B(x,t) — 0

dP(t
Jfree ( )

S {.J in general both will contribute
_ Uzj

Topologically trivial insulator

Jfree (t) =0

Ak frin&mn(K) (€nm (K) - E(w))
h Z/ an<k) o w)

Phys. Rev. B99, 235140 (2019)
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‘Long wavelength” limit:

E(x,t) — E(t)

B(x,t) — 0

dP(t
Jfree ( )

S /NJ in general both will contribute
_ Uzj

Metal

If time reversal symmetry:

J free (Cd) P (w)
diverges as w — 0 finite as w — 0
“intraband” “interband”
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Linear response

‘Long wavelength” limit:

E(x,t) — E(t)

B(x,t) — 0

dP(t
Jfree ( )

S /NJ in general both will contribute
_ O.%J

Metal

If time reversal symmetry:

J free (Cd) P (w)
diverges as w — 0 finite as w — 0
“intraband” “interband”

If not, more complicated...

SciPost Phys. 14, 058 (2023)
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Linear response

E(x,t)
Beyond the "long wavelength” limit

B(x,t)

J’i(q,w) — S (w)Ej(q,w) + Jijk(w)Ej (qu)qk 4 O_ijkl(w)Ej (q, w)qkql 4o

J(x,w) = (2d7;])3 J(q,w)eiq‘w

Faraday’s law:  B(q,w) = gq x E(q,w)



Linear response

E(x,t)
Beyond the "long wavelength” limit

B(x,t)

Jq,w) = o (W) E (q,w) + o (W)E (q,w)q¢" + c"* (W) E7 (q,w)q"¢" + .....

L— magnetoelectric effect,

optical activity,



Beyond the "long wavelength” limit Fi(x,t) = .
oz’ oz’
B(x,t)

E(x,t) “(x, J(z,
;<8E( t) 8E(' t))

Ji(q,w) — S (w)Ej(q’w) + O.ijk(w)Ej(qu)qk 4 O_ijkl(w)Ej (q’ w)qkql 4o

initial focus on topologically trivial insulators

Electric djpole moment B F
per unit volume

Magnetic dipole moment B
per unit volume

Electric quadrupole moment E
per unit volume

Phys. Rev. Research 2, 033126 (2020)
Phys. Rev. Research 2, 043110 (2020)



E(x,t) “(x, J(z,
;<8E( t) 8E(' t))

Beyond the "long wavelength” limit Fi(x,t) = .
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Ji(q,w) — S (w)Ej(q’w) + O.ijk(w)Ej(qu)qk 4 O_ijkl(w)Ej (q’ w)qkql 4o

initial focus on topologically trivial insulators

Electric djpole moment B F
per unit volume

Magnetic dijpole moment B
per unit volume

Electric quadrupole moment E
per unit volume

Phys. Rev. Research 2, 033126 (2020) Extension to include electron spin
Phys. Rev. Research 2, 043110 (2020) Phys. Rev. B106, 085413 (2022)
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;<8E( t) 8E(' t))

Beyond the "long wavelength” limit Fi(x,t) = .
oz’ oz’
B(x,t)

J’i(q,w) — S (w)Ej(q,w) + O.ijk(w)Ej(qu)qk 4 O_ijkl(w)Ej (q, w)qkql 4o

gauge dependent

initial focus on topologically trivial insulators

B F

Electric djpole moment
per unit volume

Magnetic dipole moment
per unit volume

E

Electric gquadrupole moment
per unit volume

Phys. Rev. Research 2, 033126 (2020) Extension to include electron spin
Phys. Rev. Research 2, 043110 (2020) Phys. Rev. B106, 085413 (2022)



Linear response

FE(x,t N i :
Beyond the "long wavelength” limit e F'9(x,t) = L <8E (a’."t) + oL (f’w)
B(z, 1) 2 oxJ ox
T@w) = o (@) B (g.w) +j (q,w)q" + oM (W) BT (q,w)q" ¢ + .....
gauge independent
gauge dependent

initial focus on topologically trivial insulators

B F

Electric djpole moment
per unit volume

Magnetic dipole moment
per unit volume

E

Electric gquadrupole moment
per unit volume

Phys. Rev. Research 2, 033126 (2020) Extension to include electron spin
Phys. Rev. Research 2, 043110 (2020) Phys. Rev. B106, 085413 (2022)
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E(x,t)

Beyond the "long wavelength” limit F(z,t) = ! <
2
B(x,t)

OE(x,t) N OFE7 (x,t)
oxJ oz’
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gauge independent
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Beyond the "long wavelength” limit Fi(x,t) = .
oz’ oz’
B(x,t)

E(w,t) 7 ’ 7 ’
; <8E (:13 t) OLF (:1'3 t))

J’i(q,w) — S (w)Ej(q,w) + O.ijk(w)Ej(qu)qk 4 O_ijkl(w)Ej (q, w)qkql 4o

almost done
many more contributions!
gauge independent

From o — 0 /limit extract the static magnetic susceptibility

Still an open issue in the literature, .
even for insulators in the arXiv: 2306.03820

independent particle approximation



Nonlinear response

..work in progress....



Including guantum optical effects

..work in progress....



Overview
The story for molecules and atoms

Generalizing to condensed matter
Some results
Perspective
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Why bother?

p(ﬂ?,t) ==V p(wa t) + pf?“ee(wv t)

op(x,t)

j(@,t) = P 4 oV X m(@, ) + e (1)

Why not just work with microscopic
charge and current densities?

It leads to describing the interaction
of light through

E(x,t), B(x,t) can avoid certain
technical problems
that arise with minimal
o, 1), A, 1) coupling calculations

rather than



Why bother?

p(a:,t) ==V p(wv t) + pfree(wa t)

op(x,1t)

(@t = P

+ Cv X m(wvt) +jf7“ee(w7t)

Why not just work with microscopic
charge and current densities?

once macroscopic fields are calculated
from spatial averaging, it is easy to extract
multipole expansions:

electric electric o+
dipole term quadrupole term

P(x,t) =

_ Mmagnetic
M(z,t) = dipole term ~ °°°



Why bother?

/0<$7t) ==V p(wa t) + pf?“ee(wv t)

op(x, )
ot

j(a:,t) — + ¢V X m(wvt) —|—jf,,,€6(£13,t)

Why not just work with microscopic
charge and current densities?

With “lattice site polarizations and magnetizations”
introduced, it is possible to take the

‘molecular crystal” limit of crystals and see

how the response is affected by the ability of
electrons to “move through” the lattice.
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o(x,t) = -V - P(x,t) + 0frec(x, 1)

J(w.t) = OP(x,t)

+cV x M(x,t) + J free(, )

P'(x,t) = P(x,t) + V x a(x,t) + C(z, 1)
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o(x,t) = -V - P(x,t) + 0frec(x, 1)

J(m,1) = aPéf’t)

+cV x M(x,t) + J free(, )

P'(x,t) = P(x,t) + V x a(x,t) + C(z, 1)

M'(xz,t) = M (x,t) — %aag:’ﬂ + Vb(x, 1)
Otree(®,t) = 0free(x,t) +V - C (2, t)
~ 0C(z,1)

J/free(m7 t) — Jfree(m7 t) (9t

o(x,t) = =V - P'(x,t) + 0}0c (T, )
OP'(x,t)

+ ¢V x M'(z,t) + I free(x, t)



o(x,t) = -V - P(x,t) + 0frec(x, 1)

J(w.t) = OP(x,t)

+cV x M(x,t) + J free(, )

P'(x,t) = P(x,t) + V x a(x,t) + C(z, 1)

M'(z,t) = M(x,t) — %aag, D 4 V(1)
Otree(®,t) = 0free(x,t) +V - C (2, t)

, B 0C (x,t)
Jfree(m7t) _ Jfr@e(w,t) at

o(x,t) = =V - P'(x,t) + 0o (2, 1)

J(x,t) =

OP'(x,t)

+ ¢V x M'(z,t) + I free(x, t)

Use this opportunity!



Choose the Wannier functions
to help in approximate
descriptions of the
electron-electron interaction




Use relations between
bulk and surface
quantities to explore
best definitions for
bulk quantities
and
surface guantities

Choose the Wannier functions
to help in approximate
descriptions of the
electron-electron interaction
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