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 An experimental perspective 
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Geometry and Topology in real space
Gauss-Bonnet Theorem:
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Outline

Ø Using graphene to visualize Geometry and Topology

Ø Nonlinear responses – symmetry-sensitive tools

Ø I. Nonlinear Transport Phenomena (This lecture)

Ø II. Nonlinear Photocurrents (Next lecture)

Ø Outlook
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Visualizing geometry and topology in momentum space

Pristine Graphene
A

B Equator:

θ
= ↑ + eiθ ↓

Pristine graphene has both T and I, so Berry curvature = 0
T: time reversal symmetry; I: inversion symmetry
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Visualizing geometry and topology in momentum space

Pristine Graphene
C = 1

θ

T breaking, Berry curvature ≠ 0
Haldane PRL 61, 2015 (1988)
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Visualizing geometry and topology in momentum space

Edge states
C = 1
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KK’

K (A)K’ (B)
T breaking, Berry curvature ≠ 0
Haldane PRL 61, 2015 (1988)
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Ø Beyond topology: 
    Even in a non-topological context, quantum geometry could lead to 
interesting phenomena. 

Ø Beyond the total Berry curvature: 
    Even when total Berry curvature is zero, the distribution of Berry curvature 
could lead to interesting phenomena.

Ø Beyond Berry curvature: 
    Even when Berry curvature is zero, other geometric properties could exist 
and lead to interesting phenomena.

Ø Symmetry is important:
    Space group or magnetic space group determines whether we have 
nontrivial quantum geometry and how the quantum geometry depends on k.

A few points to make about quantum geometry



Anomalous Hall conductivity

𝜎!"# = #𝑑$𝑘 𝑓(𝑘)Ω(𝑘)
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Quantum anomalous Hall conductivity

𝜎%!"# = #𝑑$𝑘 𝑓 𝑘 Ω 𝑘 = 𝐶
e$

h

Quantum geometric (Berry curvature) effect is beyond topological effect
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Ø Beyond topology: 
    Even in a non-topological context, quantum geometry could lead to 
interesting phenomena. 

Ø Beyond the total Berry curvature: 
    Even when total Berry curvature is zero, the distribution of Berry curvature 
could lead to interesting phenomena.

Ø Beyond Berry curvature: 
    Even when Berry curvature is zero, other geometric properties could exist 
and lead to interesting phenomena.

Ø Symmetry is important:
    Space group or magnetic space group determines whether we have 
nontrivial quantum geometry and how the quantum geometry depends on k.

A few points to make about geometry
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Beyond the total Berry curvature effect 
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A dipolar distribution of Berry curvature
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A quadruple distribution of Berry curvature
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Ø Beyond topology: 
    Even in a non-topological context, quantum geometry could lead to 
interesting phenomena. 

Ø Beyond the total Berry curvature: 
    Even when total Berry curvature is zero, the distribution of Berry curvature 
could lead to interesting phenomena.

Ø Beyond Berry curvature: 
    Even when Berry curvature is zero, other geometric properties could exist 
and lead to interesting phenomena.

Ø Symmetry is important:
    Space group or magnetic space group determines whether we have 
nontrivial quantum geometry and how the quantum geometry depends on k.

A few points to make about geometry
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Berry 
curvature 

Quantum 
metric
|𝑢">

|𝑢"#$"> |𝑢">

|0>

|1>

𝑇 = 𝑔 + 𝑖Ω

Quantum 
metric

Berry 
curvature

Quantum geometric tensor

Beyond Berry curvature effect 
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Ø Beyond topology: 
    Even in a non-topological context, quantum geometry could lead to 
interesting phenomena. 

Ø Beyond the total Berry curvature: 
    Even when total Berry curvature is zero, the distribution of Berry curvature 
could lead to interesting phenomena.

Ø Beyond Berry curvature: 
    Even when Berry curvature is zero, other geometric properties could exist 
and lead to interesting phenomena.

Ø Symmetry is important:
    Space group or magnetic space group determines whether we have 
nontrivial quantum geometry and how the quantum geometry depends on k.

A few points to make about geometry



Outline

Ø Using graphene to visualize Geometry and Topology

Ø Second-order responses – symmetry-sensitive tools

Ø I. Nonlinear Transport Phenomena (This lecture)

Ø II. Nonlinear Photocurrents (Next lecture)

Ø Outlook
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Linear response Second-order response

Symmetry-sensitive probe

𝐴! = 𝐴" + 𝛼!#𝐸# + 𝜒!#$
(&)𝐸!𝐸# +⋯

𝜔 +ω𝜔

Second-harmonic generation 
(SHG)

Photocurrent generation 
(PC)

𝜔 − ω𝜔

𝑃!&( = 𝜒!#$
& 𝐸#(𝐸$(

𝑃)! 	→ −𝑃!
𝐸)# 	→ −𝐸#

𝑖, 𝑗, 𝑘 → −𝑖, −𝑗, −𝑘

𝐸)$ 	→ −𝐸$

𝜒)!,)#,)$
&  = 𝜒!#$

&

Under inversion symmetry

𝜒!#$
& = 0
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𝑃!&( = −𝜒!#$
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DC/kHz Microwave THz Infrared Visible UV
ℏω → 0

Excitation frequency

Optical second-harmonic generation (SHG)

Hsieh et al, PRL (2011)

Topological insulator

Wu et al, Nature Physics (2017)

Weyl semimetal

Zhao et al, Nature Physics (2016)
Harter et al, Science (2017)

Correlated materials 2D magnet

Sun et al, Science (2019)

Conduction

Valence

Fermi 
surface titling

Conduction

Valence

Low excitation energy
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Second-order responses: different experimental setups

Intense laser sources
Wavelength-sensitive optics

Devices/Electrodes
DC/RF sources
Frequency lock-in technique

Ma, et al., Nature Materials 20, 1601 (2021) Review article

DC/kHz Microwave THz Infrared Visible UV
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Laser sources
Devices/Electrodes

Device structures

+

Electronics

+

Lasers, Optics



Second-order electrical responses

Intense laser sources
Wavelength-sensitive optics

Devices/Electrodes
DC/RF sources
Frequency lock-in technique

Ma, et al., Nature Materials 20, 1601 (2021) Review article

DC/kHz Microwave THz Infrared Visible UV

Device structures

+

Electronics
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Topology and geometry under nonlinear electromagnetic spotlight:
 An experimental perspective

I. Second-order anomalous Hall responses

I

-

B

Hall effect

I

Anomalous Hall effect

M

-

Berry 
curvature

Magnetic field or net magnetization

I𝝎

Nonlinear anomalous Hall effect

VDC/V2ω
V

Neither magnetic field 
nor net magnetization



Anomalous Hall conductivity

𝜎!"# = #𝑑$𝑘 𝑓(𝑘)Ω(𝑘)

kx

ky
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+
+
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Ω 𝒌 −Ω −𝒌

Ω 𝒌 Ω −𝒌

T

I

Anomalous Hall effect (AHE)

T : Time reversal symmetry operation
I : Inversion symmetry operation
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kx

Deyo and Spivak, et al, (2009) arxiv:0904.1917
Moore and Orenstein, PRL 105, 026805 (2010)

Berry curvature dipole 𝚲

ky

𝚲 = #𝑑!𝑘 𝑓 𝒌 𝛻𝒌Ω# 𝒌

𝒋$%&' =
𝑒(𝜏

2(1 + 𝑖𝜔𝜏)
4𝒛×𝑬(𝚲 ⋅ 𝑬)
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Berry curvature dipole and nonlinear Hall response



Energy

k

EF

E field

ky

E field

++
kx

E fieldE field
𝒋%&'( =

𝑒)𝜏
2(1 + 𝑖𝜔𝜏)

-𝒛×𝑬(𝚲 ⋅ 𝑬)
Material system ?

Berry curvature dipole 𝚲

+
-
-

+

ky

Net Berry curvature in current carrying state

Berry curvature dipole and nonlinear Hall response

23



Ø No inversion center

Ø No out-of-plane rotation Cnz

Symmetry constraint of the dipole

Ø No simultaneous mirrors Mx and My

𝚲 = #𝑑$𝑘 𝑓 𝒌 𝛻𝒌Ω) 𝒌

𝚲

Cnz

hBN MoS2 NbSe2Graphene
24



Bulk:
• Magnetoresistance
• Weyl semimetal
• Hydrodynamic

Monolayer:
• Quantum spin Hall insulator
• Superconductivity
• Excitonic insulator

Ong group, Nature 14’
Bernevig group, Nature 15’
Yacoby&Narang, Nature Physics 21’

Cobden group, Nature Physics 17’ Science 18’
Shen group, Nature Physics 17’
PJH group, Science 18’ Science 18’’
Wu group, Nature 21’

Layered transition metal dichalcogenide Td-WTe2



Td-TMD WTe2

• C3  rotation
• > 1 mirror planes
• No inversion

• No out-of-plane rotation
• Only 1 mirror plane
• (Approx.) inversion symmetry

Monolayer

• No out-of-plane rotation
• Only 1 mirror plane
• No inversion symmetry

Bilayer

Inversion center

26

Bilayer WTe2 is an ideal candidate:

Ø Correct symmetry

Ø Massive Dirac Fermion, large Berry curvature

Ø 2D system, gate-tunable

Monolayer H-TMDs
 (MoS2, NbSe2, etc.)

Low crystal symmetry of WTe2
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FIG. 1: Crystal structure and basic characterization of bilayer WTe2. a, Illustration of

the anomalous Hall e↵ect in a magnetic metal. b, Schematic band structure and Berry curvature

Nonlinear anomalous Hall in bilayer WTe2

Hall ∝ (𝚲 ⋅ 𝑬) (3𝒛×𝑬)
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Ma, et al., Nature 565, 337–342 (2019)



Nonlinear anomalous Hall in WTe2

KK, JS & KFM, Nature Mat. 18, 324–328 (2019)

Hall ∝ (𝚲 ⋅ 𝑬) (?𝒛×𝑬) Few-layer WTe2



Hsin Lin

Efthimios 
Kaxiras 

The nonlinear Hall signal directly measures the Berry dipole in the 
nonmagnetic WTe2  in an energy-resolved way.

𝒋!"#$ =
𝑒%𝜏

2(1 + 𝑖𝜔𝜏)
3𝒛×𝑬(𝚲 ⋅ 𝑬)
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Nonlinear anomalous Hall in bilayer WTe2
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FIG. 1: Crystal structure and basic characterization of bilayer WTe2. a, Illustration of

the anomalous Hall e↵ect in a magnetic metal. b, Schematic band structure and Berry curvature



A probe of Berry curvature of non-magnetic quantum materials

Nonlinear Hall Effects, Nature Reviews Physics 3, 744 (2021) 30



Magnus Hall effect 
Phys. Rev. Lett. 123, 216802 (2019)

Disorder-induced nonlinear Hall effect with time-reversal symmetry  
Nature Comm. 10, 3047 (2019)

Symmetry and Quantum Kinetics of the Non-linear Hall Effect
Phys. Rev. B 100, 195117 (2019)

Gyrotropic Hall effect in Berry-curved materials  
Phys. Rev. B 99, 155404 (2019)

High-frequency rectification via chiral Bloch electrons  
Science Adv. 6, eaay2497 (2020)
…

Different regimes for nonlinear responses

Nature Communications 12, 698 (2021)

Diffusive, ballistic, hydrodynamic, scattering, interaction…
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Electrical rectification and energy harvesting

+ + + + + +

- -

Real-space charge dipole V2w

VDC
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+

-
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- -
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Momentum-space dipole
Hall V2w

VDC



Room-temperature RF nonlinear Hall in TaIrTe4

TaIrTe4WTe2

W
Te

Kumar, et al., Nature Nano. 16, 421–425 (2021) 
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Berry curvature dipole nonlinear Hall

Quantum metric dipole nonlinear Hall

ky

kx

𝑔BC



Berry 
phase 

Quantum 
metric
|𝑢">

|𝑢"#$"> |𝑢">

|0>

|1>

𝑇 = 𝑔 + 𝑖Ω
Geometrical properties of electron quantum wavefunctions

Quantum geometric tensor

γ = i dk
!
ψ (k
!
) ∇k

!

c
!∫ ψ (k

!
) = d

S
∫ S
!
⋅Ω
"!
(k
!
)

Berry curvature describes the 
additional quantum phase picked up 
around a k point. 

Anomalous Hall conductivity
Nonlinear Hall
Valley Hall
Orbital magnetism
Chern insulator
Circular dichroism in TMD
…

Berry curvature

𝑑𝑠& = 𝑔'(𝑑𝑘'𝑑𝑘(

Quantum metric describes how different 
two states near k are in the Hilbert space 
(how different the two states are).

Electron correlations
Conductivity of flat bands
Superfluid weight
Quantum metric hall
…

Quantum metric



Significance of quantum metric



𝛼 𝛽

#|𝑢)!

#|𝑢)!*+)

𝑔,-(𝑘.) (quantum metric) is the 
distance between #|𝑢)!  and #|𝑢)!*+)

How to visualize quantum metric?

Trivial metric 𝑔 = 0

Real space: two distinct orbitals

k-space: nearby quantum states ⟩|𝛽

⟩|𝛼 Atomic insulator
#|𝑢)!*+)

#|𝑢)!

Topological insulator

Nontrivial metric 𝑔 ≠ 0

⟩|𝛼

⟩|𝛽

#|𝑢)!*+)

#|𝑢)!

𝑑𝑠! = 1 − 𝑢)! 𝑢)!*+) =𝑔,- 𝑘.  𝑑𝑘,  𝑑𝑘-



How to visualize quantum metric?

𝛀 = ∇𝒌×(𝑔!#𝐄) = [∇𝒌𝑔!#]×𝐄

ky Electric 
field

ky

If quantum metric 𝑔 ≠ 0

Applying electric field will drive 
a correction to Berry curvature 
according to quantum metric. 

𝑉/"# ∝ #𝐄× (∇𝒌𝑔01)×𝐄

Y. Gao, Q. Niu, et al. PRL 112, 166601 (2014)
Di Xiao et al. PRL 127, 277201 (2021)
S-Y. Yang et al. PRL 127, 277201 (2021)
A. Srivastava et al. PRR 4, 013217 (2022)

𝑔!# 𝒌 𝑔!# −𝒌

𝑔!# 𝒌 𝑔!# −𝒌

T

I

Quantum metric dipole



MnBi2Te4 – A topological antiferromagnet

One 
septuple 
layer (SL)

Y Deng, YB Zhang, et al., Science 367, 895–900 (2020)
C Liu, YY Wang, et al., Nature Materials, 19, 522–527 (2020)

5 SL 5 SL5 SL – Chern insulator

6 SL 6 SL6 SL – Axion insulator

K He, npj Quantum Materials 5, 90 (2020)
P Wang, et al., The Innovation 2, 100098 (2021)
S Li, et al., National Science Review, nwac296 (2023)



Quantum geometric phase: 
𝑃 𝑇

𝑔)*(−𝒌)𝑔)*(𝒌) 𝑔)*(𝒌)

𝑔01 𝒌 ≠ 0

Exploring quantum metric physics in MnBi2Te4

𝑃 𝑇
Ω(−𝒌) −Ω(𝒌)Ω	(𝒌)

Ω 𝒌 = 0

Berry curvature Quantum metric

Inversion Time-reversal

𝑃𝑇	symmetric



MnBi2Te4 (MBT) Black phosphorus (BP)

Break three-fold rotational symmetry

Quantum 
Metric

ky

kx

Need to break three-fold rotational symmetry
to get a dipole moment.

𝑔!# 𝒌



BP/6L MnBi2Te4/BP

Angle-resolved transport Optical SHG

Three-fold rotational symmetry breaking



6L 𝑰𝝎

𝑽𝐇𝐚𝐥𝐥𝟐𝝎

Experimental demonstration of nonlinear Hall

Science 381, 181-186 (2023)



Hall direction vs. AFM order

𝑬 J 𝑩

Circular polarized light

Nature Materials 22, 583–590 (2023)
Science 381, 181-186 (2023)



Wireless energy harvesting

Science 381, 181-186 (2023)
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Take-home messages

• New physical phenomena - second-order Hall effect.
o No requirement of magnetic field
o No requirement of total magnetization
o Arise from Berry curvature and quantum metric dipoles.
o Diffusive, ballistic, hydrodynamic, scattering, interaction…

• New technology for energy harvesting – early stage.
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Dependence on the scattering time
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Compare with calculations


