Recap of lecture 1:

Promote the band energy to the classical Hamiltonian:

H(r,k)=Eg_ca + ep(r)

“Peierls substitution”
Write down the equations of motion:

r = 8kEk,
k= —0.FE; + eoE;, x B.

Then perhaps solve the Boltzmann equation:

Of + 7V [+ kOgf=I

We would like to describe deviations from this picture, i.e.
the departure from the classical point of view.



Position operator in the band representation

Wave function in the band representation:

Wy =3 o Cake™T | unk), Tenk =7

Minimal derivation:

P = D on s O™ unk) = 3 €70 (cokluni)

nk nk

= ™ (i0kCnk|tnk + CrkiOk|unk))
nk

=Y € k) (108 + i{Unk|Ok [unk))cnk = €7 [unk) (Penk)
nk nk

Position operator projected onto a band in a crystal:

r =1V + Ax, Ax = 1(Upk|OkUnk)

|

L attice coordinate Coordinate within the unit cell



Semiclassical motional in external fields

Proceed by comparison:

r = ivp —+ Ap - looks like a vector potential in momentum space

Motion in external fields is semiclassical:

p = eaqblei'xB,B:erAr
or
ro= ag;p DX Qup, Qnp=Vp XA,

Qp = 1(OpUnp| X [OpUnp)



Application: anomalous Hall effect (B=0)

p = eE+erxB B=(0g P = ¢k
” — n _. — - EXQTL
r p P X Qp r Op € P

AHE __ 2 FAHE _

Historical time scales:

discovery - E. Hall in 1881,

relation to the spin-orbit coupling - 1954 by Karplus&Luttinger,
relation to band geometry - 1982 by TKNN

Compare to superconductivity&BCS: 1911-1957



Application: anomalous Hall effect (B=0)

P = eE+erxB B—(0 P = ¢k

86 P > . aenp
” — n - - — - E >< ﬂn
r p P X Qp r Op € P

-AHE _ 2 AHE

For a Weyl semimetal: L%/ K
M\/ /]
Je % = J Vedap = Jx VO kia =" — Ji Ka 8k - Q)

“almost quantized” 3D Hall effect.
K is defined up to a reciprocal lattice
vector. (Haldane, PRL 2004)

AHE €2
Oab — 9 h each



Motion in magnetic field

p = eE+erxB
r = vp—DPXQyp
Chiral anomaly
1
P = DB(@E—I—@VPXB—G,(E B)Q,)
, 1
F =y (o By el 1)

T .
AHE Chiral magnetic effect



LL interpretation: chiral anomaly

N B = (0,0,B),
g H = +v {O’J_(]?J_ —eA) + szz}

14 7

‘graphene” “gap

L R

. . )
Ng — NL = 5==-E-B “3D chiral anomaly”
(S. L. Adler, 1969 ; J. S. Bell and R. Jackiw, 1969; Nielsen&Ninomiya, 1983)




LL interpretation: CME

.CME _ e’up
Jr - 4r?
(Vilenkin, 1980)

-CME 62(,ML—,LLR)B
Ar* (Kharzeev, Warringa, 20009;
Son, Yamamoto, 2013)
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.CME _ e’(uL—pr)
Ju0 = 1272 B




Chiral magnetic effect

. . p = — (eE+evpxB—¢€*(E-B)SQ)
—=e| Dpr D
J fp B P o= (vy— eE x Qup — e(vy - Q) B)
Dpg
. 5 Looks like a
ors = |0 o fy(vip- Qup)hip| B oo

However, usingv,, = Op€np and integrating by parts one arrives at

Jomp = |€ Z/(ERPVP Qnp) frp + €npSnp - Vp frp | B
. n YP

o2 Berry monopoles are
| 4n2 Z pwQw | B required for static CME
%




CME in a Weyl semimetal

.CME 2
JL — 64752LB
(Vilenkin, 1980)

-CMEFE e’ (ur —
_ (4L7r2 R)B

Qo
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.CME __ e’(pr—pR)
Joz0 = T 1oz DB

(Kharzeev, Warringa, 2009;

Son, Yamamoto, 2013)



There is only dynamic CME in equilibrium

crystals

T T
Broken [
Er, # Er
CME (Zhou, Jiang, Niu, Shi, Chin. Phys. Lett., 2013;
Jo=o =10 Vazifeh, Franz, PRL, 2013)

Physical reason: 3 oc B implies M o< A in equilibrium
(Levitov, Nazarov, Eliashberg, JETP 1985)

.CME
For Jw#0 see Chen, Wu, Burkov, PRB, 2013

Chang, Yang PRB 2015;
Ma, Pesin, PRB 2015;
Zhong, Moore, Souza, PRL 2016



The chiral anomaly

1
p = — (eE+evp xB—¢*(E-B)Qp)

Otfp +POpfeq = fg?tm g

r = — (vp—eExQ,p, —e(vp-Qp)B)
Equation for the density in a given valley: pw = € fp Dpg fp

Oypw = €’ (E - B) /

p

ﬂpapfeq — BB(E ' B) /(ﬂp ' vp)aspfeq

p

_ iQWE ‘B Total charge near an individual Weyl
- 472

point is not conserved

The net charge conservation is ensured by “Berry neutrality”:

ZwQW:O



“Anomalous” transport theory in WS

(for a hydrodynamic description see Lucas, Richardson, Sachdev, PNAS 2016)

The currents include the chiral modes contributions:
‘R L __ R,L |, e*B R, L
— _%V,Uec

J -+ Irzpzc M W; Hf\\?h\o;ﬂ/ﬁ
WL R g \ /
m m

L R
The continuity equations include the anomalous divergences:

3
e
V-.R’L—I-ﬁ RL — 4 E-B
J tf 472 h2c
The final stationary transport equations contain only ,ug;’L
o2
2 €V3D R L
__v Uec — hQB V:u 2T, (:uec o :uec)




Negative magnetoresistance from the chiral anomaly

(Son, Spivak, PRB 2012)

For clarity: —V pte. — eE

Use chiral anomaly to generate imbalance:

L 6 TfU

B.E,

27‘(’2 V3D

Convert the imbalance into “more conductivity” by the CME:
2 4

= (=t T, 2
0J = 27z (I —M)$5022_84V3DB
5Uzz T 1
(0,2(B)—0,.(0)] ~ T n2r2 can be large

For a discussion of experimental issues, see Liang et al., PRX 2018



Non-local transport from chiral anomaly/CME

IV‘I;ls(];z:)l x e v ¢ =+/Dr,>d

' S. Parameswaran, T. Grover, D. Abanin,
DP, A. Vishwanath, PRX 4, 031035 (2014)

gz{n‘“ﬂﬂ(,.}
10"5- i

Measurement: b et e s
C. Zhang, et al 510_2:_ o ax $
Nature, 2017 L sk 2
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