
Recap of lecture 1:
Promote the band energy to the classical Hamiltonian:

Then perhaps solve the Boltzmann equation: 

We would like to describe deviations from this picture, i.e. 
the departure from the classical point of view.

Write down the equations of motion:
“Peierls substitution”



Position operator in the band representation

Position operator projected onto a band in a crystal:

Lattice coordinate Coordinate within the unit cell

Wave function in the band representation: 

Minimal derivation:



Semiclassical motional in external fields

Motion in external fields is semiclassical:

Proceed by comparison:

- looks like a vector potential in momentum space



Application: anomalous Hall effect (B=0)

For a Weyl semimetal with just two nodes: 

“almost quantized” 3D Hall effect.
    K is defined up to reciprocal lattice
    vector. (Haldane, PRL 2004)

Historical time scales: 
discovery - E. Hall in 1881, 
relation to the spin-orbit coupling  - 1954 by Karplus&Luttinger, 
relation to band geometry  - 1982 by TKNN

Compare to superconductivity&BCS: 1911-1957



Application: anomalous Hall effect (B=0)

For a Weyl semimetal:

“almost quantized” 3D Hall effect.
    K is defined up to a reciprocal lattice
    vector. (Haldane, PRL 2004)



Motion in magnetic field

Chiral anomaly

Chiral magnetic effectAHE



LL interpretation: chiral anomaly

“graphene” “gap”

“3D chiral anomaly”
(S. L. Adler, 1969 ; J. S. Bell and R. Jackiw, 1969; Nielsen&Ninomiya, 1983)

CB 

VB



LL interpretation: CME

(Vilenkin, 1980)

(Kharzeev, Warringa, 2009;
 Son, Yamamoto, 2013)



Chiral magnetic effect

Looks like a 
“Fermi sea” 
current

However, using                    and integrating by parts one arrives at 

Berry monopoles are 
required for static CME



CME in a Weyl semimetal

(Vilenkin, 1980)

(Kharzeev, Warringa, 2009;
 Son, Yamamoto, 2013)



There is only dynamic CME in equilibrium 
crystals

Broken I:

(Zhou, Jiang, Niu, Shi, Chin. Phys. Lett., 2013; 
 Vazifeh, Franz, PRL, 2013)

For               see    Chen, Wu, Burkov, PRB, 2013
                                   Chang, Yang PRB 2015; 
                                   Ma, Pesin, PRB 2015;
                                   Zhong, Moore, Souza, PRL 2016

Physical reason:               implies                  in equilibrium
(Levitov, Nazarov, Eliashberg, JETP 1985)



The chiral anomaly

Total charge near an individual Weyl
point is not conserved

Equation for the density in a given valley: 

The net charge conservation is ensured by “Berry neutrality”:



“Anomalous” transport theory in WS                            

The currents include the chiral modes contributions:

The continuity equations include the anomalous divergences:

The final stationary transport equations contain only 

(for a hydrodynamic description see Lucas, Richardson, Sachdev, PNAS 2016)  



Negative magnetoresistance from the chiral anomaly

Use chiral anomaly to generate imbalance: 

Convert the imbalance into “more conductivity” by the CME:

(Son, Spivak, PRB 2012)

For clarity: 

can be large 

For a discussion of experimental issues, see Liang et al., PRX 2018 



Non-local transport from chiral anomaly/CME

S. Parameswaran, T. Grover, D. Abanin,
DP, A. Vishwanath, PRX 4, 031035 (2014) 

Measurement:
C. Zhang, et al
Nature, 2017






































































Insic and extrinsic AE Ina simple model

2D metal with isotopic dispersion and

con stent I O O R

Intrinsic Hell conductivity
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Extrinsic confess to the Ate

It turns out that beside the intrinsic Berry curvature

part of the anomalous Hall conductivity there are ones related

to impurity scattering These are known as side jump
and skew scattering contributions

Sede jyp shift of a ware packet center upon scattering
smooth impurityfrom an impurity
I potential

level
lives

Qualitative picture displacement
due to anomalous velocity caused by
the impuritypotential ween and joy

smooth
Tan Ex eÉÉÉ p final

Sipp
dtiantost'D inffutum momentum
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The exact expression for spherically symmetric potential

Tpp i up ldp up i Up IdpUp p
t dpi Avs up lup

which gives for smell angle seettering

ftp.m.am I PE x p e p
similar to the exp r from
the qualitative picture

ET aka I Ate

Side jumps here two effects on transport
repeated shifts add up to mimic a change in the velocity
shift of a particle during a collision changes its potential
energy in the external field which must be taken into

account in energy conservation






































































Ede jump after Katy

TF Sp Wpp srppscg.gg off
average shift when
p all other p

order of indices is important
Contribution to the electric current

Isis gupsic of fee gives zero since Srpp e or
pip

simplification Wpp Wo then for smell angle seettering

Vissi Sj w I xp p 8cg g ftp.Sp.woscp 8
But for a Sp Wo l ftp 818 fi so

TF ÉÉI






































































We can now cellulite the side jump accumulation contribution

to the current

Isis e fp Fps
is
otp ofp et opfee em obtained this

before

e ftp.TI.tmfee.dp fee
to get cancelled the result loons intrinsic

We can extract the contribution to conductivity P MT

Gaeta ez Sp Each Rape tepee Te Spectre fee 8lb

e Sf Each Ic fee e nd Ecb

compare to the tree intrinsic

conductivity sign opposite






































































Medi on It the energy aging o Lancer

shift of s rpp upon scattering p sp leeds to the external
field doing work on the carriers U eÉ Stppi It needs to be
added to the energy conservation equation

Ep t eÉ8Fpp Ep 8cg g 8 Ep Ep et ofppl
For p p ne get

Ep tee Srp p g ECEp g J Ep Epi tee orpip

Ep Spi et dFpp Ge fore
This modification memes the collision integral hat vanish
when evaluated for fp I fee gp
I yip fp Wpp fp 8 f f É ofppl zIot8Ie

Io Spifwpipfp wpp.fi 8388 g GeeSipp
I Étuminte






































































Evaluate SIE with the same assumptions as before

F E Spi Wo fp fi Og818 fi eÉ Icppx
Fet these to fee since the term is already O

et.IR dg.Sp wo0scg g dog Sp Wo fi olsp fi

Xx constep for f Eu m 2D

E I xp fog feet I É Xp ogf.ee

The connection to the distribution function due to SIE
comes from belacing it against Io

III tree xp ogfee to of ee xp depfee

ad anomalous distribution
clipoffThe corresponding current is

jade ftp of'd e SEE II off








































The corresponding conductivity is

Eade ezSp Ebel dope off at ez Esea de Spfee

different a's
ae near just live for side jump

accumulation

a side jump mean

Gatt's
i
oaf oasis raid oaf the effect of side jump

is to flip the sign of

Berry curvature



Eager retros for the arty teen

Def of the conductivity tensor
t t Et causality

ja if t for flt Gob E T t t Ee Ci t
X

In Fourier space

ja frit fogy dg ear
int
jala w and the same for Ea

Then

ja 19 w Gab 19 W Eb Ew

Because of causality Gab a is an analytic function of w

in the upper half plea of complex frequencies
In the presence of a B field or nee gnetization we have

E W E



It turns out that microscopic time reversibility of laws
of physics imposes certain constraints on Gab q W B
The following discussion is informed but allows for easy
remembering
Tensor Jab contains dissipative and reactive parts

dissipative part absorption of energy
reactive part refractive index of the medium

Which is which then Assume monochrome tic E o wut

The average absorbed power 3 a J É Joule beet or
over one period

Q I Re EE ja Re Eat Jab EG Eta EG t

East EE ET TIE Ee
ace

the Hermitian parrots Getafe If
One can also show that the anti teenitian part determines
the dispersion of EM wares



Basic physical considerations

dissipation should be even w v t t t

the reactive part is odd under t t

Reality conditions since joint jet t and E the cat

one can easily show that Gat T W B Jab 8 W B

Combine time reversal w W B S B with reality
conditions

ode E W B o the E W B

Otb19 W B Gato q w By
and

at Fat
rat Gets

Gat E W B Gab 7 W B

to obtain



Rae E W B for A ÉfaitCE w 5 rate E w 5

Oba 9 w B ode E w T Gaa 9 w B

Jae 9 W B and conclude that

Gab 9 W B 569 E W B or E E we w

Gab E W B Gee l G w B ou sager relations
for conductivity

Caunes
a 9 0,5 0 Gab w The w

b 9 0,540 Gat wit 0 8 a yabe Be

Yale Yea c Hell effect

940,5 0 Tae Cw 9 off t da be
Kabc A bee Natural optical activity



d 9 to Bto Gab la dit Got gated Qc Bd

Gabed gas ed gyrotropic birefringence

Example dynamic chiral magnetic effect or

natural optical activity in metals

We have seen the t CME is impossible in equilibrium
but it turns out one cen here J X B Ct in response

Response to oscillyto an oscillating field dynamic CME
B field Not
static

At a finite frequency we here

Tx É d B Faraday's low hence BE TIE This
implies that

fame A TEE d CME is nothing but optical activity

Jadone X Iw Eabc9c Eb or Jd care I be 9 e Gpected



In a non isotropic case we have drop done subscript

ja Nabc 9 c Eb Icac by onsager relations

Where does A come from It turns out to be related
to the quasi particle orbital moment Part of the effect
comes from velocity renormalization

Enp Eup Tip B hence tips dÉÉp Op Map B
If W D I we can neglect relaxation and assume that

energy levels are populated according to old d f with

old energy Eup which existed before we turned on the

oscillating field Then the current is

givesof bypath

J esp fee Ep Cpap Op ftp.t espftp.tf.dpfeem
r
crucial that it is Eap my Eu p entering here
which is the case at high w



Ja Spera Md Bdf d toSpVaMd Ed ab 9 Elf89

Gab E SpVaMd Edbe 9of gf this is not anti syn
W v t an b

Onsager relations tell us immediately that we are missing

part of an effect

The other part of the current appears as the magnetization

currentsng m Fourier space

Jm Txt where N is the magnetization induced by the

electric field associated with the time charging 73 field

Ta Sppi p otp otp too et opfee it et Ip Eff
Jm a E Ea ed Sp Md ve ft E f



Combined with the previously considered part of the
current the conductivity tensor becomes

Gadea
E

E SplaMd Edbe 9c ve nd Eda c 9 c Esp

perfectly antisymmetric as needed

Lessee always keep in mind the Onsager relations and

magnetization currents




