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Lecture 1: Semiclassical motion and quantum osc.
• Semiclassical motion of band electrons
• Semiclassical (Lifshitz-Onsager) quantization
• Quantum magneto-oscillation phenomena

Lecture 2: The best five hours of your life
• Boltzmann equation. Electron (impurity) scattering
• Magnetoresistance in metals
• Chiral anomaly and chiral magnetic effect in WSMs
• Anomaly-induced negative LMR
• Static and dynamic CME. Onsager relations. 
• Extrinsic contributions to the AHE: side jump, skew 

scattering.




































































Lecture notes for Lecture 1: 



































































Band theory of solids

Lattice translation symmetry: 

Schrödinger equation:  

- “quasimomentum”. 
  Physically distinct  ones 
  belong to the Brillouin zone:

=

Bloch 
Hamiltonian

BZ

Bloch theorem: 




































































Band theory yields band structure 



































































Two types of geometry in metals

Fermi surface 
of Pb

a) “Lifshitz-Azbel-Kaganov” geometry:
     geometry of iso-energetic surfaces,
                         , led to “Fermiology” 

b) “Pancharatnam-Berry” geometry:
     geometry of wave functions

- Berry connection

+




































































Classical mechanics of electrons in solids
Promote the band energy to the classical Hamiltonian:

Then perhaps solve the Boltzmann equation: 

Lecture 2 will discuss the BE, also deviations from this picture, 
the departure from the classical point of view.

Write down the equations of motion:
“Peierls substitution”







































































































































Ic trajectories

Eto B

In this case

i GE
g
p pi ee t

É E F É Jdt Ya
The equations look like motion in free space but the actual motion

B very far from that Example is the ID Bloch oscillations
D D

P P T X Ep Eo 2 Dos Pf ID Tight bindingdispersion Ekg
we here

p f Eet uniform motion around the circular BZ

End Sin EEE x x 21 w III xx X Ef
Motion in real space is oscillations with frequency Ef these
are never observed because scattering destroys the oscillations before
a single period can be completed Eg Tas En Esa f iz f is a 67Ym






































































EZO BI B 0,0 B

In this case

É e txt Pz so pz const
cross sections of

8 8,5 Pip p ep coast
iÉÉÉsÉ Feces

by a plan A cont

which is L B
If semiclassical orbits are closed
we expect energy quantization in
the quantum cere Landau levels

We can obtain the corresponding

quantization condition from
a Bohr type treatment Egg ecitmw.EE iiaiectorsknown as Lifshitz Onsager

I get
is

quantization in the context Ii 1 y ftI Éof land theory
1111 energies

smelledthendeft






































































tht z Iser oath

H E P e f I CBy o o B T A 10,913

Classical trajectory in momentum space E Cpj Pz coast

In real space the trajectory is found from dpg ear xD
at least
its projects
or to theplan
1 B

Quantization condition

I ftp.dr Upon 20h 8 8 depends on the spectrum and comes
from the turning pointt f for quedrat

see dispersionD Vanderbilt's
lecture

To evaluate f I di mete the f PI di PI dis and
dPI e dis xD hence B x dpt e B x dixie els dri Ici drI or
did at B xdpt and PIdis fr PI efx dpI ftp.psxdps
But PI x dig Idf Is being element of the surface swept by
the trajectory I depends on the sense of going around the trajectory






































































Let us assume electron like trajectory for which Paxdis is

parallel to 5 Then we obtain

pjdig get E Pz E Pe are sweptby the trajectory
in the momentum space

We need to remember that the conserved energy is

E
p Ep tip B where Ep is the band energy It isEp that

sets quantized Let us neglect the Berryphase and the magnetic

moment to obtain the standard Lifshitz Onsager result

Hp S E Pz 2nd 8 t or

E P da hell B ht 8 Lifshitz Onsager quantizesoy
condition

Level spacing Awn En En i i
1En Pz SCEa Pz fi twn Little B or twistElf where

ma z f É cyclotron mass






































































Cheon E É S ITPI IT 2m E PE Ftz Then

Etty htt IE the standard LL me of m

cheat graphene E up I Buy
n Ttp 0

e Ap EI

Hetz IT La htt E I VatiniBT the usual L2
spectrum in

me E IE Ez cyclotron men is graphene
given by energy

Chevy Weyl metal or 3D grapene HUFF E I Vvpitupt
Ey Ham VII ed VE PI ed tv pzoz En IVatenitsutt

End PEVkaph TM
coth LL is chiral

away E NVPEPI
SCSPe I PI a E 122 4 f'dSIIp asana I É
what is going on



Hint:

LL vol 3, “The current density in a magnetic field”: 

Pauli: spin is not self-rotation! 

If spin is not self-rotation, why does spin magnetization 
contribute to the current?!




































































Hint:

LL vol 3, “The current density in a magnetic field”: 

Pauli: spin is not self-rotaion! 

Resolution: 

See also: effective g-factor in semiconductors 







































































































































In Weyl metals

E NP MB B

I t frEp Irs fats I I ftp.padps.pt if
É

I ftp.dpa.pa it.fdIsPtczEppn

it s gu pz d x x fun it s sup z I dx x.pt gz
it s g Pz

Yes it stupa I yff.FI r soup 1 171

E Ep F E D Ep Etf B






































































what is tip
Long way Mp If Ldpump xCup Enp Idpleap pardon
shortway for a Wey fermion If Lix Eas Eep

Tep E tip fun Eep E Eep

said action

q Etr B 4 at htt E ICE PE Yp Issue It
JB It Ez Ep PE B tiff Pz so ftp eMBt4B asgup

and one gets back to the usual result






































































Magneto cation phenomena

First we consider the de fleas Van Alphen effect 1950 s

and focus on a 2 DEG with quadratic dispersion Ep Ee
As is well known in the presence of a B L eld 1 to the plane
of the sample the energy spectrum is

EPwith silt EFEno two htt t gMao B
d

It
where n labels the Landau hide É
o is the spin index and no

Fe
MrsEnte we EB

not the same

It turns out that various thermodynamic and transport
quantities oscillate as a function of B field or rather YB







































































BizTease surface
AlGaAs GaAs

Y P Eisenstein et d Xiong et al PRB 2013

PRL 1985
The origin of the oscillations can be deduced from keeping track

of LL occupation as B is increased It is deer that for B such

that Ef is in the gey bet wee lls their occupations are smooth

functions of B field each LL hes electrons in it d
flux through the sample when all cuisses theFermi level
it rapidly loses all of its electrons causing a sudden change
in the systems energy This leeds to oscillations in quantities






































































line In or X susceptibility which are derivatives of the
thermodynamic potential w r t B field

Oscillations of transport quantities shubuikov.de Has effect

can be understood in a similar way by noting the notion

of LL through the Fermi level lead to oscillations of the Dos
at EF Since it determines scattering rate by the Fermi Golden

Rule we expect oscillations in the transport coefficients

Drove of the DoS

Thermodynamic properties require knowledge of the Desc
E only

since for fermions

D tf de Da h ft e

Jos
Dos oscillations can also explain qualitatively the Ose in tramper

quantities






































































Let us assume that ead LL hes a Lorentzian shape

119
with some width T can be level dependent but not this time

as well as B dependent

DCE B If 8 E Eno 90 D E End A

DL YEFIM
To keepthings dear let us change twelve k s twenty so

we can see what role is playedby the offset of the L2 mdex

The problem with sum x is the t memy n contribute
to it and that it consequently contains both the ose parts
of the DoS coming from the vicinity of the FS as well as

the smooth part of it coming from the entire Fermi see

We need to switch to some dual space to mere progress






































































Poisson sation found
Consider the periodic 8 function

8 CD Six n Clearly El xt m Ex me So it is

a periodic function with period I We can thus expand it
in a Fourier series

Ex It étui te Gygax etik'm x
2

fax S x Ekin 1
k o I I12

Then we obtain the Poisson summa

joy
for mule

E Fenty Jaxx Fat j I faxéh Fat g
hi a X K É x

Isu would they the
integral and the sum

can be interchanged

I etuiKY fax it Fa fleur Fe Fe faxed x

k X X It






































































Separating k o from the rest of harmonics he get

Fluty fax Fix Et em Fr t c c

poi
h X

part

In our case FA 8 D E Exo 191
femme spurious
negative energies introduced
by E

Let us see what we obtain for the swÉ8h part of the Dos
plays no role for E EE

IT Id Ed qtf w.gg
ere genro

two feet Bff Is A the usual 2D poster
Ep

P42in
foster unit are






































































Now the oscillating part

Dre Sgx e
him

jgtfw.gg
e e gmo o

ftp II é't
Er
effigy

cuss residues

D fan e
Kfc

e
tuk Ei
pity

D é
th Ee étui kEwi genuine 811

s splitting gllsThe Dos is theyftp.qq
disorder spinHeenan

DCE B 2D 45 I
from ki

as fukGEe or fuk Ewe y

spin
clearly there are oscillations at given E as a function offact






































































The LL width T leeds to the suppression of oscillation and

for in two they disappear altogether

N B T Eg is not the same as In Any scattering

not just large momentum contributes to the lifetime
of a level so in general Ig Itn g hor quantum

Magnetization oscillations

Finally we celalese In tf ya magnesites on for a

fixed chemical potential Note that we could also consider

It ff ft fixed number of particles which would ruched
oscillations of pr which one to look at is determined by

the experiment If there is a reservoir to pin pi live the bulk
States for a 2D topological surface then consider M coast etc






































































R f'dEDCE.BY th Lte 1 91
We are interested in the oscillating part of r only cell its
using the expression for D and integrating by parts twice we

obtain
does not oscillate

far as air Ewe Y fthe 7 at away

A

s Eff fye sin 2k u D feel e HEI thx a

fak
e

tag Sde within Ew D fee fee
s

A

Since da fee is peered around Either TK Ee he can neglect

Is s at this point






































































Now we can perform the E integralbyusing the expression
For the Fourier transform of a fee

fief fee em EET gigging even in a

new
supptession

which brings to the following form a sector
front

5 9 45.429 é Ete wscairge si ttgwg
WHKEE 8

Finally Mz É differentiate only the test us unEED
assume I 0,0 B

MI EDCII I MEEEE RD Rz Rt sina.EEd

LITTLE.EE IIE.E Ro.RzRts
E D






































































Mo fi e Fi momma 3141,472g sina.EE
Lifshitz Kosevich formula for a ZP EG

Mo FEI E3 HIT lmasnethoment
are

E ve te CE
Lessons

1 Lls oscillations of thermody n M y day and mausport
n EEE ta quantities as functions of YB

2 Oscillation frequency EEE Yet FIFI determined by

IT 2mEE E T Pe momentum space a res inside the Ferrers

surface






































































3 Oscillations are sensitive to disorder T tea

temperature T

spinsplitting g
LL energyoffset j
F S are 2 M E a Et

All of these quantities can be extracted from experiment
In 3D FS are extreme area of FS cross section 1 to B

There can be several such extremel min or men

cross sections and hence several frequencies Allows
reconstruction of the F S



Generalization to 3D, arbitrary band structures
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